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Abstract

This paper develops a dynamic model of the attention economy fea-
turing two interlinked markets: a product market, where consumers
have limited awareness of firms, and an attention market, where plat-
forms attract attention by investing in free services (e.g., social media,
streaming, podcasts) and sell targeted ads using data on consumer pref-
erences. The model provides a tractable framework in which platform
investment, ad-driven discovery, product demand, and ad revenue are
jointly determined. The effects of data and interoperability policies can
reverse over time, platform quality may be inefficiently high or low, and
the rise of data-rich digital advertising can coincide with a declining ad
revenue-to-GDP ratio.
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“..a wealth of information creates a poverty of attention and a
need to allocate that attention efficiently..”—Herbert Simon

Simon’s insight captures today’s digital economy, where social media, news,
and entertainment compete intensely for attention. Individuals now spend over
two and a half hours per day on digital media (Evans, 2020). This attention
underlies the Internet’s core business model: platforms—any website or app
displaying ads—collectively earn hundreds of billions of dollars each year from
data-driven targeted advertising (Silk et al., 2021).

How do these platforms mediate the allocation of attention between con-
sumers and firms, and how does this allocation shape demand, competition,
and welfare over time?

A core challenge is that the attention economy involves a complex inter-
action between two markets. In the product market, consumers can only pur-
chase from firms they are aware of. In the attention market, platforms provide
consumers with services—e.g., social media, streaming, podcasts—in exchange
for attention, and sell targeted ads that determine which firms consumers dis-
cover in the product market. Ads are allocated through auctions in which
firms bid on individual impressions using platform data on consumers’ prefer-
ences. Because services are often free, platforms compete through investment
in service quality.

Many key issues—the welfare tradeoffs between paid products and free
platform services, and the cross-market effects of policy—cannot be studied
without modeling these markets jointly. This paper develops a tractable frame-
work that does so: platforms’ investment in quality drives attention, attention
drives ad-funded discovery, discovery shapes product-market competition, and
product-market competition in turn shapes the ad revenue that funds platform
investment. To illustrate its value, I use the framework to study the dynamic
effects of data and interoperability policies, the welfare properties of equilib-
rium, and how asymmetric data shapes competition between platforms such
as traditional and digital media.

To keep the model tractable, I impose simplifying assumptions. In the base-
line, platforms are monopolistically competitive: they share business models
with real-world players such as Pinterest, Spotify, Meta, and YouTube, but
do not interact strategically. The paper’s focus is thus on market operation,
not market concentration; a duopoly extension incorporates strategic invest-
ment under additional structure. CES preferences over products and platform
services further simplify matters: on the product side, prices are fixed and
firms optimally do not personalize them. In return, the framework treats data



ﬂexiblym and allows multihoming by both firms and consumers, with a key
parameter—the elasticity of attention to platform quality—governing plat-
form competition and market power.

The paper yields three sets of findings, each pointing to the importance
of cross-market spillovers for economic analysis. First, the effects of data and
interoperability policies can be counterintuitive and reverse over time, as inter-
ventions trade off product-market efficiency against platform quality. Second,
platform investment can be inefficiently high or low, and I derive a sufficient
statistic that determines the sign of the distortion. Third, though platforms
can profit from access to richer data than their rivals, total ad revenue can
fall.

I now describe these findings in greater detail. I begin with numerical
policy experiments highlighting mechanisms related to (i) data reforms and
(ii) pro-competitive policies, such as interoperability mandates, that raise the
elasticity of attention to platform quality and ad load B Although these policies
originate in the attention market, endogenous product-market responses can
overturn their initial effects.

In one experiment, giving platforms access to more informative data im-
proves targeting and raises ad revenue in the short run. Over time, however,
firms anticipate that any consumer they reach will have also been reached by
better-matched competitors. This reduces a firm’s willingness to pay for ads,
causing long-run ad revenue to fall. Product consumption rises, but platforms
invest less in quality.

In a second experiment, an interoperability mandate raises the elasticity
of attention. Because consumers view ads as nuisances that reduce effective
platform quality, platforms initially reduce ad load, depressing ad revenue and,
in turn, investment. Lower ad load, however, weakens product discovery. Over
time, firms anticipate fewer competitors for any consumer they reach, raising
their willingness to pay for ads. In the long run, ad revenue and investment
therefore rise. Product consumption falls even as platform quality improves.

I discuss conditions under which these patterns appear more likely to arise.

Next, I compare equilibrium to the planner’s allocation. Two forces drive
inefficiency. First, platforms compete for ad revenue, which creates business-

!Data is modeled as signals about consumer preferences, without parametric restrictions
on signal structure.

2Such policies are intended to make platform markets more contestable by giving con-
sumers a more “meaningful choice” among platforms. For example, a content interoper-
ability mandate requires platforms to allow users to share content or posts across sites. As
content becomes more overlapping, attention becomes more sensitive to platform-specific
features such as the interface or ad load.



stealing externalities. Second, because platforms charge users zero prices, they
do not internalize the consumer surplus their services directly generate. These
forces can push ad display rates and platform investment either above or below
efficient levels. When consumers have Cobb-Douglas utility over CES aggre-
gates of products and platform services, I derive a simple sufficient statistic
that determines the sign of the investment distortion.

The policy experiments described earlier are intentionally stylized to isolate
cross-market spillovers and dynamic effects, frequent policy focal points. In
practice, interoperability policies often target large platforms, where strategic
interaction may matter. Motivated by this, I next consider a duopoly model
that preserves most of the baseline structure but takes ad display rates as
exogenous, allowing platforms to interact strategically through investment.
I develop a numerical algorithm to compute equilibrium and find that the
mechanisms in the baseline policy experiments remain robust.

Finally, I extend the baseline model to allow two platform groups—e.g.,
digital and traditional media—with asymmetric data. The extension shows
how data differences shape relative quality and market shares, and can gen-
erate a pattern consistent with a puzzling empirical fact: despite the rise of
highly profitable digital platforms, advertising’s share of GDP fell in the pe-
riod from 2000 to 2018 (Silk et al., 2021). One might expect the presence of
data-rich platforms to raise ad revenue: better matching creates surplus for
firms, and platforms should be able to extract a share of the surplus gain. In
a numerical example, however, digital platforms displace traditional media,
earning a higher share of revenue due to their more informative data—yet
total ad revenue declines# The result hinges on product-market competition:
better data improves the matching of all firms with consumers, so individual
advantages erode and profit gains are offset, limiting the revenue platforms
can extract.

Beyond these main findings, the online appendix develops further extensions—
network effects, platform heterogeneity, and entry—that illustrate the model’s
potential as a foundation for future work.

The paper proceeds as follows. Section [l| provides background on the atten-
tion economy and related work. Section [ introduces a simple product market
that serves as a building block for the analysis. Section B integrates the atten-

3The sufficient statistic depends on ad revenue, income, the product markup, platform
substitutability, and the Cobb-Douglas weight.

4In the model, entry without data asymmetry cannot explain this: in fact, total ad
revenue is ‘nvariant to the mass of platforms.

5In fact, with fixed prices and binding budget constraints, firms’ profits gross of ad costs
are constant.



tion market with the product market to develop the baseline model. Section
characterizes equilibrium. Section B presents policy experiments, Section
a welfare analysis, Section [] a duopoly extension, and Section § a model
with asymmetric data. Section J summarizes further extensions. Section
concludes.

1 Background

The term attention economy is now widely used to describe markets where
attention is a scarce resource and a basis for economic exchange. It is often
invoked in the context of digital advertising, linking it to issues of data use,
platform design, and competition. These markets are inherently multisided:
platforms intermediate between consumers and advertisers while shaping the
allocation of attention through the quality and features of their services. Com-
petition is shaped not only by prices—many services are offered at zero mon-
etary cost to consumers—but also by non-price dimensions such as quality,
data, and interoperability. These features pose distinctive challenges for eco-
nomic analysis and policy, particularly when interventions on one side of the
market have unintended consequences on others (OECD, 2018, 2021, 2022).

This paper provides a transparent benchmark for analyzing these forces.
The monopolistic competition baseline clarifies mechanisms that arise from the
structure of the attention economy rather than strategic interaction, and lends
itself to extensions. Section [] turns to a duopoly setting to study strategic
interaction along the investment margin.

Prior work on digital advertising platforms (e.g., Bergemann and Bonatti
2023; Ambrus et al. 2016; Prat and Valletti 2021; Galperti and Perego 2022)
typically models large platforms in static settings and abstracts from either
a microfounded product market or content provision. Similarly, Kirpalani
and Philippon (2021) study matching in a large online marketplace but with-
out content provision. Relative to this literature, my framework models the
attention economy—bringing platform investment, ad-driven discovery, and
product-market competition into a single system whose joint dynamics shape
equilibrium outcomes.

A line of research in traditional advertising endogenizes free platform con-
tent provision, most notably Anderson and Coate (2005). Whereas Ander-
son and Coate (2005) model investment in entry of new platforms, I study

6 Ambrus et al.72016) and Prat and Valletti (2021) model the product market in re-
duced form. Bergemann and Bonatti (2023) and Galperti and Perego (2022) model a single
platform and abstract from content and attention.




investment in platform quality. Both models predict potential over- or under-
investment due to business-stealing externalities and platforms’ inability to
charge consumers. However, in their setting consumers derive no surplus from
advertising and there is no role for data or targeting.

In digital advertising, ads are commonly sold via auctions at the individual
level in real time as consumers engage with platforms’ services. Advertisers
rely on platform data to tailor bids. Recent work investigates the value of
information in auctions (e.g., Board 2009; Hummel and McAfee 2016; Berge-
mann et al. 2021; De Corniere and De Nijs 2016), but with few exceptions,
abstracts from the product market. A central result is that more informative
data typically raises revenue (Board, 2009; Hummel and McAfee, 2016). In
my setting, richer data can reduce ad revenue because of spillover effects on
advertisers’ profits in the product market.

While the role of data in the economy has been examined in general equi-
librium settings before (Jones and Tonetti, 2020; Farboodi and Veldkamp,
2021), it has rarely been studied in connection with advelrtising.[ﬂ A nascent
literature incorporates advertising into macroeconomic models, including con-
temporaneous work by Cavenaile et al. (2026) and Rachel (2024), but without
modeling data. Most closely, Greenwood et al. (2025) study advertising with
free media goods in a static, perfectly competitive setting, where targeting
distinguishes between college and noncollege consumers.

2 Simple Model of a Product Market

The baseline model has two components: a product market and an attention
market. This section analyzes the product market in isolation—a simple mo-
nopolistically competitive environment isomorphic to the one in Melitz (2003).
Although static, it is embedded in continuous time to serve as the backbone for
the dynamic framework developed in the next section, where it is integrated
with the attention market.

Time ¢ takes values in [0,00). A continuum of consumers i € I of unit mass
have heterogeneous tastes or “values” {v;;} for a continuum of products j € J
of mass J. Each product is produced by a distinct firm, also indexed by j for
simplicity.

"These papers analyze data as an input into firm production. See also Demirer et al.
(2024).



Consumer ¢ has CES preferences for products:

1 o—-1 . ﬁ
Cy = /v{;cij‘; dy ,
J

where o > 1 is the elasticity of substitution across products.E Values {v;;}
are drawn independently across consumers and firms from a distribution F
supported on [0, 00) with finite mean and remain constant over time.

At each time ¢, consumer 7 has income [ and allocates it across products to
maximize Cj; taking firms’ prices {p;;} as given. Firms set prices to maximize
expected profits given a common constant marginal cost normalized to one (the
numeraire). I make no assumptions about what firms know about consumers’
values and could allow firms to personalize prices, though it turns out that
firms would optimally choose not to do so in equilibrium.

The key friction in this otherwise standard model is that each consumer ¢
is aware of only a subset £2;; C J and can consume only from this set. All that
will matter for equilibrium is the mass M; of firms in €2;; and the consumer’s
average value uq, = M% sz‘t v;; dj for those firms. I assume both objects are
cOMMon across consumers.

Proposition 1. In the unique equilibrium of the product market:

1. Firm j sets price
o

— (1)

2. Firm j’s flow profit from selling to consumer i is wyv;; where

Djt =
J o

1
T = ———. 2
' o Mg, ( )
3. Consumer i’s aggregate consumption is
o—1 1
Cip = I(Mipg, ). (3)

Intuition is provided in the Appendix. As seen from (m), CES preferences
imply a constant markup independent of consideration sets or information
firms hold about consumers’ values.® This property simplifies integration with
the attention market because prices are fixed. Moreover, flow profits () and
aggregate consumption (B) depend only on a single sufficient statistic: the
cumulative value Mugq, of firms in consideration sets. The attention market
will endogenize the evolution of M; and ug,.

8Values enter with exponent 1/0 as a normalization for notational convenience.
9The optimality of a constant markup is a feature of CES demand. The Appendix
explains why it still holds here with heterogeneous values.



3 Baseline Model of the Attention Economy

This section integrates the product market with the attention market to form
the baseline model of the attention economy. In what follows, I treat the
microfounded relationships @),() as primitives.

The attention market consists of a continuum of platforms k& € K of mass
K. Like product firms, platforms are monopolistically competitive: each offers
a distinct service (e.g., streaming, social media, podcasts) and thus has market
power but is atomistic. Services are free but require attention to consume.
Platforms provide these services to attract attention for ad display and invest
to maintain their quality.

If a consumer allocates attention x;;; to platform &, she views ads at Poisson
intensity aix;x:, where ag; is the platform’s chosen ad display rate. Each ad
opportunity is sold via a second-price auction the instant it arises. Due to
latency, only N firms, drawn uniformly at random from Q, = J \ €;; (outside
the consideration set), submit bids within the instant.ld The highest bidder
wins and pays the second-highest bid. The winning firm enters €2;; at the end
of the instant and exits (i.e., is “forgotten”) at an independent exponential
time with rate A, ensuring that search frictions persist in the long run.

Firms bid based on signals of consumers’ values for their products. These
signals, interpreted as platform-supplied data, induce posterior expectations
{0;;} of consumers’ values {v;;}. Expectations are drawn independently from
a continuous cdf G, are constant over time, and do not depend on platform
identity, since all platforms provide the same data.®= Section § relaxes this
last assumption.

I begin by describing how consideration sets evolve, taking attention, ad
display rates, and bidding strategies as given. I then characterize agents’
decision problems. Because consumers allocate attention symmetrically in
equilibrium, I suppress the index ¢ on x;;; when convenient.

Evolution of Consideration Sets. The key state variables are the mass M,
and cdf H; of expected values for firms in €2;;, both common across consumers.
By the law of large numbers,@ the mean py, coincides with the mean pg, of
actual values in €. Since M,ug, is a sufficient statistic for firms’ profits and

10Firms only target consumers they do not already serve. A firm does not benefit from
displaying an ad to a consumer whose consideration set it is already in.

"By Blackwell (1953), G is a mean-preserving contraction of the prior F' over values but
is otherwise unrestricted.

2Throughout. I assume the law of large numbers. This can be formalized using methods
from Duffie et al. (2025).



consumption, we do not need to track the true value distribution.

Figure [l| summarizes the evolution of the state variables. The cdf Hf
corresponds to expected values in €2, and is pinned down given H; via an
accounting identity:

M H,(0) + (J — M)H(d) = JG(9), € [0,00). (4)

Ay

ApM;

Figure 1: Evolution of consideration sets

The rate of inflow into €, is:

AtE/akta:kt dk. (5)
K

In equilibrium, the winning firm has the highest expected value, so the cdf of
inflowing firms is (H{)". Because firms exit at random, outflow occurs at rate
A M, with cdf H;. Thus:

SIMHLD)] = AH; (0~ AMH(), b€ [0,00) (6)

Taking v — oo yields:@ '
M, = A, — )\fMt- (7)

Together, (@) and (B) fully characterize the dynamics of the key state variables.

13The mass of firms with expected values less than 9 in both €;; and Q¢, must coincide
with that of the whole economy.

“Equations (f) and ([]) apply whenever M; < J and I impose parameter conditions in
Section {l so this is always so. The conditions for interchanging the derivative and limit hold
here (but ([]) can alternatively be derived from aggregate flow balance).



Firms’ Bidding Problem. Anticipating M; and H;, firms choose bids to
maximize discounted profits. The formal problem is stated in Online Ap-
pendix ; here I describe it recursively.

Because auctions are second price, firm j’s optimal bid for a consumer ¢
with 0;; = 0 equals the gain in continuation value from entering €2;;:

Bi(0) = V" (0) = V" (0). (8)

VI and V" are the present values of profits from selling to consumer i
when the firm is currently inside and outside €2;;, respectively. While outside,
firm j enters €);; with Poisson intensity Ay (0), characterized shortly. Given
discount rate p > 0, V! and V,°" satisfy the Hamilton—Jacobi-Bellman (HJB)
equations:

VI (0) = pV™(0) = A [V (0) = V™(9)] - T30 (9)
~ -~ _ ~—
loss from exit expected flow profit

V;Out(@) _ p‘/;Out(@) _ )\et(@) I/;In(@) _ V;Out(@l_E [Bt(1)|Bt(@) > Bt(l)]

N /

3 Vv
gain from entry expected ad payment

(10)

Here, Bt(l) is the highest bid among the N —1 other bidders. If B; is increasing,

then Bt(l) < B, (9™M) where 9 is the maximum of N — 1 draws from Hf.
In that case, accounting implies

N A,

R e A (1)
S—— win probability

auction entry intensity

Platforms’ Ad and Investment Decisions. Platforms choose ad display
and investment to maximize discounted profits. Given B;, the expected ad
price is mg; = E[Bt(@p))], where @t(Q) is the second-highest of N independent

draws from H. Anticipating 7y, platform £ solves:

max / e’pt<7thaktxkt(akt,qkt)—€kt> dt (12)
{ake}{lke} 0

Each ad display triggers an auction with N invited bidders, so invitations are sent at
total rate NA;. The first term in (El) divides this rate by the mass of firms outside €2;;.



subject to the law of motion for quality:

Get = 05, — Ok, Qo = Qo, (13)

where ¢ < 1 ensures decreasing returns and 0 > 0 is the depreciation rate. The
notation x(ak, qr¢) indicates that the platform internalizes how its choices
affect consumer attention.

Consumers’ Attention Choices. Consumers derive utility from both prod-
ucts and platform services:

Ui = / e_ptu(Cit, th) dt,
0

where u(-) is increasing in both arguments. Platform services enter utility
through a CES aggregator:

1 e
X = {/ (v(ak) quewine) < dk )
K

where v(-) is positive and decreasing so ads are nuisances, and € > 1 is the
elasticity of substitution across platforms.

At each t, consumer i has one unit of attention to allocate across platforms.
For simplicity, she does not internalize how attention affects {Cjs}s>¢ through
the evolution of her consideration set. In equilibrium, this myopia is without
loss of optimality: because all platforms set the same ad display rate, how the
consumer divides attention among them is inconsequential. She thus solves:

max Xit s.t. /mikt dk S 1. (14)
K

{®ine }

Attention is therefore allocated independently of the utility function w.

Equilibrium Concept.

Definition 1. Taking the product market relationships @) ,(H) as primitives,
an equilibrium of the economy with initial condition (My, Ho, qo) is a collection
of processes

{{Mt}, {H} Aawe > A Be() 3 {ane }s {lxt ) {xikt(‘)}}

such that: (i) firms, platforms, and consumers solve their respective problems;
and (i) {M;},{H:}, and {qu:} satisfy their laws of motion.

10



3.1 Modeling Remarks

The baseline model adopts simplifying assumptions to provide a transparent
benchmark. Several are relaxed in later sections or online appendices, as sum-
marized in the introduction. Beyond these, one can show that the results
extend to any standard auction format by revenue equivalence. Moreover, if
firms can infer preferences from purchase histories, the environment converges
to one with perfect information (i.e., 0;; = v;; for all 4, j).

A key modeling choice is to allocate ads through dynamic auctions. This
both reflects the microstructure of digital advertising and ensures tractability
under multihoming: in static settings, symmetric monotone bidding equilibria
break down when a firm can enter multiple auctions for the same consumer.
Spreading competition over time guarantees that each firm participates in at
most one auction per consumer at a time, supporting equilibrium existence.
Similar difficulties arise in static Walrasian formulations when platforms have
asymmetric data. Online Appendix @ discusses these issues in more detail.

Beyond these technical benefits, the dynamic structure separates short-
run from long-run effects, captures investment incentives more faithfully, and
delivers steady-state predictions that are independent of initial conditions.

4 Equilibrium of the Baseline Model

The equilibrium derivation proceeds in five steps. Proofs are in the Appendix.
First, solving the attention allocation problem () yields:

g = L) ke K. (15)

Jel(az) gzt dz’

Thus, attention depends on effective quality—reflecting both service quality
and ad load—relative to competitors.

Second, given (), each platform chooses its ad rate to maximize flow
profit:

]671

[V(akt)th 1
A = arg max mga = arg maxav(a)¢ 16

This choice is static because no individual platform has measurable effects on
consideration sets. CES implies constant ad rates determined only by primi-
tives v(+) and e.

11



Third, setting A; = A, I solve (@) and (H) analytically for M; and Hy, under
symmetric and monotone bidding strategies.

Fourth, given arbitrary paths for M; and H;, I solve (H)—(@) explicitly for
bid functions By(-), verifying monotonicity and uniqueness.

Fifth, from B;(-), I compute the average ad price 7k, and solve (), yield-
ing a simple boundary value problem that characterizes investment and quality
paths.

Together, these steps deliver a tractable characterization of the full equilib-
rium transition path. The full system is reported in the Appendix, with most
variables expressed analytically. Theorem [lj summarizes steady-state proper-
ties. In equilibrium, attention-market outcomes and product-market outcomes
are jointly determined through consideration sets that link the two markets.
In particular, ad revenue (Part 4), investment and quality (Part 5), and ag-
gregate consumption (Part 7) reflect this interaction. Capturing this joint
determination allows policy and welfare to be evaluated within the model.

Theorem 1. Suppose A uniquely solves max, av(a). If A/A; < J and
e—1<1/yp, then a unique equilibrium exists for any feasible initial condition
(Mo, Ho, qo), characterized by equations (R9)—-(B3) in the Appendz’:z;.E The
equilibrium converges to a steady state in which:

1. Fach platform displays ads at rate A.
2. The mass M of products in 2y is A/ As.

3. The cdf H satisfies H(-) = He(-)N, where H® solves:

MH(0)N 4+ (J — MYH(0) = JG(D), © € [0,00).
4. Total ad revenue is mx A, where wg is the average ad price:

do. (17)

/°° 1 — NH(®)N1 + (N — 1) H(9)N
TR = T
T p+ s+ A(0)

Here, \.(0) is the entry intensity into consideration sets (see (EI)), and
7y scales firms’ flow profits (see (E), with po, = jiy ).

16T compute M, and Hy, it is not necessary to first solve for attention allocation or
platform quality. This simplicity relies on platform symmetry. With asymmetric data
(Section [), the evolution of H; depends on how attention is allocated, introducing an
additional fixed point into the equilibrium characterization.

17 An initial condition is feasible if My dHy < J dG, since there cannot be more firms with
a given expectation in {2;; than exist in J.

12



5. Fach platform invests at rate:

. g057TKA(€ — 1)

g = —————,
C K(p+9)

and has quality ¢ = (1/6)0%.
6. Consumers allocate attention as in (@)

7. Aggregate platform consumption is Xy = KY < Vu(A)q, and aggregate
product consumption is Cy = UT_ll(MpJH)I/("_l).

The condition € — 1 < 1/¢ ensures concavity of platforms’ investment
problem; under the reverse inequality, no equilibrium exists. Similarly, A/A; <
J ensures consideration sets remain incomplete so that () applies.

Three implications of Theorem [l| are especially relevant for the analysis
that follows, highlighting the structural sources of platform market power and
the role of data.

Remarks

1. Elasticity of attention. Parts 5-6 show that the key parameter gov-
erning platform market power in attracting attention is e. As e — 1,
platforms capture equal shares of attention regardless of quality or ad
load. Holding all else constant, as € falls, investment declines (Part 5)
while the ad display rate A = max, av(a)** rises (Part 1).

2. Search frictions. Part 4 shows that search frictions generate market
power in the ad market: as the entry intensity A.(-) rises pointwise,
ad revenue falls and eventually vanishes. As A/A\; — J, the economy
converges to a classical frictionless benchmark in which consideration
sets contain all firms, platforms earn no rents, and therefore do not
invest in quality.

3. Role of data. Part 3 shows that data shapes the composition H of
consideration sets through . Through its effect on H, data reallocates
demand toward higher-valuation firms, thereby altering ad revenue (Part
4), investment incentives (Part 5), aggregate consumption (Part 7), and
ultimately welfare.

13



5 Policy Experiments

Data policies and interoperability mandates are central to current debates on
digital markets. This section shows that their effects can be counterintuitive
and time-dependent: static predictions can reverse in transition, and inter-
ventions often trade off product-market efficiency against platform investment
and quality. The analysis is intentionally stylized to highlight mechanisms and
provide intuition for market conditions when these patterns arise. Through-
out, formal results apply on the parameter domain where a unique equilibrium
exists.

5.1 Data

I first consider data policies, analyzing steady state before turning to transition
dynamics. Such policies change the informativeness of the data platforms
supply to firms for bidding in ad auctions. An example is a privacy law that
restricts the granularity of the data platforms can collect on users.

Data informativeness ranges from uninformative—when all firms’ posterior
expectations equal the prior mean pur—to perfectly informative, when poste-
rior expectations coincide with consumers’ true values (G = F). Intermediate
cases are ordered by the mean-preserving spread order (Blackwell, 1953).

Steady state Proposition E shows that banning data use (or ad targeting)
raises ad revenue and platform quality but lowers product consumption in
steady state.E

Proposition 2. In steady state, as data becomes uninformative (i.e., along
any sequence of continuous distributions G converging pointwise to the degen-
erate distribution at pr), ad revenue and platform quality converge to their
suprema, while aggregate product consumption converges to its infimum, over
all continuous distributions G with mean pp. Moreover, aggregate product
consumption is monotone in informativeness.

Surprisingly, ad revenue is highest when data is uninformative. A data ban
therefore raises platform profits.#2 Three forces drive the result:

I8A cdf G is a mean-preserving spread of a cdf G if [FoGde < [7 G(t) dt, Yz with
equality when =z = oo.

YBecause G is assumed continuous to rule out ties, the case of uninformative data is
formalized in a limiting sense in Proposition P

20Platform profits net of investment are monotone in ad revenue.

14



1. Fixed total firm profits. Under CES demand, prices are fixed and
budgets bind, so total firm profits equal I /o regardless of G.

2. Full extraction. With uninformative data, Bertrand competition in
auctions extracts these profits fully.

3. Information rents. Informative data creates bidder information rents
that reduce ad revenue.

The fixed-profit force is a stark implication of CES demand. The broader
mechanism, however, is product-market competition: when data improves,
each firm internalizes that it faces rivals who are likewise better-matched for
any given consumer. In the CES setting this force makes total firm profits
exactly invariant to GG; more ﬁenerally, competition reduces the surplus firms
retain from better targeting.22 Provided this effect is sufficiently strong, the
finding that less informative data may raise ad revenue does not hinge on
profits literally being fixed.

Beyond the case of uninformative data, analytical monotone comparative
statics are difficult to establish. Nevertheless, numerical results indicate that
more informative data typically reduces ad revenue.

The intuition for this finding is as follows. Although more informative data
raises the average value of winning firms—an effect that tends to increase ad
revenue since bids are monotone—three forces push in the opposite direction
as seen from the expression for ad revenue in Part 4 of Theorem [l.

1. Higher match rates for high-value firms. More informative data
raises the entry rates \.(v) of firms with relatively higher 0.

2. Lower average value outside consideration sets. The average value
ppe of firms bidding in auctions falls.

3. Lower profit coefficient. As uy rises, the coefficient 7y on firms’
profits falls.

In steady state these forces often dominate, causing ad revenue to decline.
This is so, particularly because of the third effect. To see why, note that a

21 Advertising’s share of GDP has remained remarkably constant despite major changes
in advertising technologies since 1925. As Chemi (2014) notes, “the pie is not growing...the
easiest way to make more money is to steal larger slices of the pie” Silk et al. (2021) find
that advertising’s share of GDP declined slightly during the period 2000-2018 when digital
advertising grew in dominance. I revisit this phenomenon in Section {.
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firm’s expected flow profit from selling to a consumer is

Iv
oMpg

7Tu]]’lA):

More informative data raises the © of winning firms, but it also raises
i, the average © in consideration sets. In steady state these coincide, so
improvements in match quality do not increase winners’ expected profits. This
is another expression of the fixed-profits force.

Because auctions are second price, ad revenue depends on the expected
profit of the second-highest bidder rather than that of the winner. Specifically,
it depends on the ratio of the second-highest ¢ in auctions to ug. This ratio
is maximized at one when data is uninformative and typically—though not
universally—declines as data becomes more informative.

Transition dynamics The steady-state analysis suggests that transition
dynamics matter because some key forces unfold only gradually as the com-
position of firms in consideration sets adjusts. Following an increase in data
informativeness, two mechanisms—the decline in the average expected value
of bidders outside consideration sets, pg<, and the fall in the profit coefficient
mj—occur over time. As a result, ad revenue may rise on impact even though
it ultimately falls in the long run.

Figure Eyillustrates this pattern following an unanticipated increase in data
informativeness at ¢t = 1, where G shifts from U[.2, .8] to U[0, 1] as the economy
transitions between steady states.E4 This change may represent, for example,
a relaxation of privacy laws that allows platforms to target ads with more
granular data.

Ad revenue initially rises but eventually falls below its starting level. In-
vestment and quality decline steadily, while product consumption rises mono-
tonically. Investment falls despite the temporary increase in ad revenue be-
cause the increase is short-lived and platforms are forward-looking.

In this example, data liberalization can appear beneficial for platforms
on impact but ultimately reduces platform profits in the long run. Because
platform quality and product consumption move in opposite directions, the
welfare effect is ambiguous and depends on u(-).

I close with three remarks.

22Figure E in the Appendix shows the specific garbling of new data into old data corre-
sponding to this change in G. The details of the garbling—i.e., the joint distribution of
old and new expectations—do not affect the steady state, but they matter for transition
dynamics because they determine the initial distribution of expectations in consideration
sets after the shock.
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Figure 2: Transition dynamics of increased data informativeness

Notes: Transition between steady states following a data shock at ¢ = 1, where the signal
distribution changes from G = U[.2,.8] to G = UJ0, 1] (corresponding to the garbling in
Figure ff). Parameters: p =0.1,e=4/3, \; =1, K =01,J=1,0=3, N=5,1=1,
¢ =0.5,6=0.5, and v(a) =1 — 7.5a.

Remarks

1. When these patterns arise. The patterns in Figure E tend to arise in
numerical examples when firms are less patient and platforms are more
patient. Less patient firms put less weight on the future decline in profits
caused by better-matched competitors, so bids respond more strongly to
the immediate improvement in targeting. More patient platforms put
more weight on the eventual decline in ad revenue, so investment falls

despite the short-run increase in ad revenue.
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2. Private vs. collective incentives. Though platforms may collectively
be worse off when data improves for all platforms, individual platforms
typically benefit from private access to more informative data. I provide
an illustrative example in Section 8.

3. Settings with personalized pricing. In alternative models where
prices are personalized in equilibrium, total firm profits may vary with
data informativeness. Whether the qualitative comparative statics here
are reinforced or mitigated in such settings is an open question.

5.2 Interoperability

Interoperability mandates aim to reduce user lock-in and promote platform
competition by making attention more elastic to platform quality. For ex-
ample, consider a content-interoperability rule requiring platforms to allow
content sharing across services. Because content becomes more similar across
platforms, differences in interface quality or ad load play a more prominent
role in attracting attention.

In practice, interoperability mandates may involve technological changes
to platforms that alter the aggregator X or even the utility function v on a
case-by-case basis. The analysis below remains agnostic about these details
and assumes only that attention retains its CES shape and becomes more
elastic—captured by a higher e—after the policy@ Interpreted broadly, the
analysis is therefore relevant for any pro-competitive intervention that raises
the elasticity of attention.

Steady state The following proposition establishes steady-state compara-
tive statics of an increase in e.

Proposition 3. An increase in € reduces steady-state product consumption.
Moreover, holding the steady-state cdfs H and H¢ fized while allowing M to
adjust according to M = A\, the partial-equilibrium effect of an increase in
€ is to raise steady-state ad revenue and platform quality.

In general, H and H€ also vary with e through its effect on M (Part 3 of
Theorem [ll). In Online Appendix [J, I give a sufficient condition for the full-
equilibrium effects on ad revenue and platform quality to remain positive: G
admits a positive density with inf supp G = 0, and a decrease in M decreases

23Rhodes and Zhou (2022) show that under “full market coverage,” personalized pricing
can reduce firm profits, reinforcing the direction of the steady-state results here.
24For instance, the aggregator X may be scaled or translated following the mandate.
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HC in the convex-transform order23 (Condition EI, Proposition a) This condi-
tion holds, for example, when G is a scaled power distribution, G(z) = (x/b)®
on [0,b] with a € (0, 1] (Lemma @) The uniform distribution on [0, b] is the
special case a = 1.

The mechanism behind Proposition B is as follows.

1. Lower ad load. More elastic attention induces platforms to reduce the
ad display rate A and invest more in quality q.

2. Smaller consideration sets. Lower A shrinks consideration sets (M =
A/)y), reducing product consumption C.

3. Higher ad prices. Holding H and H¢ fixed, the ad price mx rises
sufficiently that total ad revenue mx A increases despite the decline in A.
As seen from () in Part 4 of Theorem [l|, 7k rises because (i) the firm
profit coefficient 7y scales inversely with A via M = A/\;, and (ii) lower
A reduces match rates A.(-).

Step 3 holds H and H€ fixed. In Online Appendix @, I show that both H
and H¢ decrease pointwise. Thus the distribution H¢ of expected values of
bidders improves in the sense of first-order stochastic dominance, raising ad
revenue. However, the distribution H of expected values in consideration sets
also improves, raising p gy and thus reducing m3—a force that lowers ad revenue.
Condition [l ensures that the net effect on ad revenue is positive.

Forces that raise the ad price operate gradually, through the dynamics of
M, and Hf, whereas the effect on the ad rate A is immediate. As a result, ad
revenue may decline initially even when its new steady-state level is higher,
making transition dynamics important.

Transition dynamics A one-time 1% increase in € at t = 1 produces the
transition path shown in Figure J.

Interoperability depresses ad revenue and investment at first, yet raises
them in steady state. In the long run product consumption declines while
platform quality improves. Thus, as with an increase in data informativeness,
short-run and long-run effects differ and the welfare effect is ambiguous and
depends on u(-).

BWriting Fy and Fy for H¢ before and after the decrease in M, this means that F, ' o F}
is convex: the decrease in M makes the distribution of values outside consideration sets less
right-skewed. Online Appendix E gives the formal definition.
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Remarks

1. When these patterns arise. The patterns in Figure B tend to arise
in numerical examples when nuisance costs are steeper and firms and
platforms are less patient. Steeper nuisance costs make the drop in ad
load larger on impact. Less patient firms place less weight on the future
decline in consideration sets, so bids do not rise enough initially to offset
the lower ad load. As a result, ad revenue falls more sharply in the short
run. Less patient platforms, in turn, put less weight on the eventual
rebound in ad revenue when choosing investment.
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2. Alternative entry channels. If there is an alternative entry channel
into consideration sets, higher ¢ might reduce steady-state ad revenue
because M may no longer shrink proportionally with A.

6 Welfare Analysis in General Equilibrium

So far, I have analyzed policy interventions without characterizing the under-
lying sources of inefficiency. This section closes the economy so that welfare
corresponds to consumer surplus, and then compares the decentralized equilib-
rium with the planner’s allocation. Specializing to Cobb—Douglas utility u, I
show that equilibrium ad display and investment rates may lie on either side of
the efficient levels, and I derive a sufficient statistic that signs the investment
distortion. Although this statistic relies on monopolistic competition among
platforms, the planner’s solution extends directly to oligopoly settings.

6.1 General Equilibrium

To close the baseline model, I endogenize consumers’ incomes. Each consumer
supplies L units of labor inelastically at each date. Labor is the only input:
platforms use it for investment, and firms use it for production. Thus £;; now
denotes the labor hired by platform £ for investment. One unit of output
requires one unit of labor, so firms’ marginal cost equals the wage, which I
normalize to one.

Labor market clearing at time ¢ requires

K J

by = / Ciji Lijea,,y di
I

is firm j’s total labor demand.
Consumers collectively own all firms and platforms in equal shares. Since
platforms earn only ad revenue and all other costs are wages, income I; equals

aggregate firm revenue:
Iy = /pjtgjt dj.
J

26This logic does not apply to word-of-mouth referrals if initial discoveries must originate
from advertising. In that case, word-of-mouth is a downstream consequence of advertising
rather than a truly separate entry channel.

where
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This identity also follows from product-market clearing.

An equilibrium is defined as in the baseline model, augmented with the
income process {I;} and the requirement that labor and product markets clear
at all dates.

Proposition @ provides the general-equilibrium counterpart to Theorem m

Proposition 4. Theorem@ applies as stated, except with income I, = -7 (L —
Kly,) in place of I. The equilibrium converges to a steady state in which each
platform invests at rate

pOZigAle—1) L

lg = T
T o+ ot agAle— 1) K

(19)

where g = /I denotes the average ad price per unit of income.

The comparative statics from Propositions E and E also extend to this
general equilibrium setting, with 7x A replacing g A where relevant (Online
Appendix @)

I next characterize the planner’s allocation before comparing it with the
decentralized equilibrium.

6.2 Planner’s Problem

The planner chooses ad display and investment rates to maximize welfare,
taking as given that consumers choose demands to maximize flow utility and
firms set prices and bids to maximize discounted profits. The planner is con-
strained to treat platforms symmetrically, observes the same consumer data as
platforms, and cannot impose technological changes such as interoperability.
Even so, this benchmark is valuable for evaluating data and interoperability
policies, whose welfare effects depend on the wedge between the decentralized
and planner allocations (see Corollary @) Although the élanner could also
set firms’ prices or bids, these choices are already efficient.
Given (My, Hy, qo), the planner solves

max e Plu(Cy, Xy) dt 20
{eKt},{At}/o (G X2) (20)

2"Firms charge markups, but all produce identical quantities, which is efficient by con-
cavity of the CES aggregator and ex-ante symmetry. Bids are efficient because they are
monotone.
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subject to
Ct = (L - KgKt)(Mtlj’Ht)ﬁ7
Xy = KiV(At)QKta

with M; and H, following (@)7(5), and gg, following () given E]Kt.@
I focus on steady-state solutions.

Definition 2. A steady-state solution of the planner’s problem consists of

initial conditions (M*, H*,q*) and constants A* and (3 such that the planner
sets Ay = A* and g, = U, with My = M* and H, = H* for all t.

For clarity, I assume
u(Cy, X;) = CtliTXtTa (21)

with 7 € (0, 1) for the remainder of this section.
Theorem P, proven in Online Appendix D, characterizes steady-state in-
vestment for arbitrary p and steady-state ad display in the limit as p — 0.

Theorem 2. Let u be given by (@) Any steady-state solution has investment

o $i= L
T p+ it i = K

(22)

Suppose a steady-state solution exists for all p near zero. Let A*(p) denote the
corresponding ad display rate. Then
lin(l) A*(p) = arg max [auH(a)]g v(a)T, (23)
p— a
whenever the right-hand side is well defined. Here pg(a) is the steady-state
average quality of firms in consideration sets when all platforms use ad display
rate a.

Corollary 2.1. If the planner controls investment but not ad display, the
unique steady-state choice of investment remains (22).

28Tn C4, the term L — K/lg, is labor available for production.

29T conjecture that, under standard regularity conditions, any solution converges to the
steady state, but do not pursue this here.

30The ad display rate for general p can also be derived using Pontryagin’s Maximum
Principle but is less transparent to state.
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6.3 Planner vs Laissez-Faire

I now compare the planner’s allocation with the decentralized equilibrium.

Investment Comparing () with (@) yields a simple sufficient statistic.

Proposition 5. For a given 7, the deviation lx — (i 1is increasing in

0—17ATKA(6—1)— T

o— 1—7

(24)

Equilibrium investment is too high (too low) when (@) is positive (negative).
FEither case can arise, since g does not depend on T (see ({3)).

This statistic depends on four interpretable objects: (i) the product-market
markup o/(c — 1); (ii) ad revenue per unit of income 7x A; (iii) the elasticity
e — 1 of attention with respect to platform quality; and (iv) the utility weight
7 on platform consumption.

These reflect distinct distortions. Markups capture market power, which
shifts labor toward platform investment. Ad revenue reflects business-stealing
motives whose strength is governed by the elasticity e — 1. The utility weight
appears because platforms, which charge zero prices, do not internalize the
consumer-surplus gains from higher quality whereas the planner does.

A proportional tax or subsidy on ad revenue can correct these distortions.

Corollary 2.2. A proportional tax on platform ad revenue at rate

T oc-—1 1

1—
1—-7 o 7gA(e—1)

rebated lump-sum to consumers, restores (kg to the efficient level (@) A
negative rate corresponds to a subsidy financed by consumers.

Remark Condition (@) also helps _evaluate policy changes. The compara-
tive statics for mg A in Propositions P and B extend to 7x A in general equi-
librium. Thus a ban on data use reduces investment efficiency and welfare
whenever investment is initially too high. Analogous logic applies to changes
in €, such as those induced by interoperability.

31Since 7 appears in the sufficient statistic (@), its empirical counterpart matters for
evaluating investment distortions. In principle, one could estimate 7 and e jointly by an
experiment that charges users for access to platform services.
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Ad Display Rate From (@) and (@) the equilibrium ad rate maximizes

av(a),

whereas, as p — 0, the planner’s rate maximizes
lapn (@)= v(a)"

Hence the equilibrium rate may be above or below the planner’s. As an
illustration, suppose v is continuous and satisfies v(a@) = 0 for some @ > 0.
Then, as € — 1, the equilibrium rate converges to @ whereas the planner’s rate
does not, so the equilibrium rate is inefficiently high.

Platforms internalize the nuisance cost of ads only through its effect on
attention, since zero prices prevent platforms from capturing the consumer-
surplus gains from lower ad loads directly. When € is small and attention is
inelastic, this internalization is weak, leading to excessive ads.

Conversely, the equilibrium rate may be too low. As 7 — 0, the planner’s
optimal rate converges to @, while the equilibrium rate remains unchanged.
In this case the planner places little weight on platform consumption and
primarily values product consumption, increasing the ad display rate to expose
consumers to more products. Platforms do not internalize this channel and
may choose a lower rate than the planner.

7 Duopoly

This section shows that the framework can also accommodate strategic be-
havior in a duopoly setting and develops a simple numerical algorithm for
computing Markov equilibrium. For tractability, ad display rates are taken as
exogenous. [ use the duopoly model to assess the robustness of Section ff’s find-
ings, particularly since interoperability mandates often target large platforms.
I remark on the case of endogenous ad rates at the end of the section.

7.1 Setup

There are two platforms, k € K = {1,2}. Platform k’s quality evolves accord-
ing to
dgre = (05, — Oqie) At + nqry A By, qro = qo, (25)

32The baseline assumption v > 0 was made for simplicity, since demand (@) is undefined
if almost all platforms choose a with v(a) = 0. Theorem 1 extends to the case in which v
vanishes above @ > 0, provided we restrict attention to equilibria in which each platform
sets ad display below @.
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where By; and By are independent Brownian motions. The law of motion
mirrors the baseline model, but with the addition of noise. A small amount
of noise is useful for numerical stability and, as in related dynamic_duopoly
models, appears to help ensure existence of a Markov equilibrium.2d In the
numerical examples, I set n = 0.12.

To isolate strategic effects along the investment margin, both platforms
display ads at a common exogenous rate A. For the particular choice of A
given by ([L§), this assumption admits an interpretation in which platforms set
ad display as if they were individually small on this margin, as in the baseline.
All other elements of the baseline environment are retained.

7.2 Markov Equilibrium

I focus on Markov equilibrium where strategies depend only on the two quality
levels and time. Let Vi(q1, g2, t) denote platform k’s value function. Suppress-
ing arguments, value functions satisfy the coupled HJB system

e—1

ka = sup E(el’ZQ)Vk + WKtA% — gk, keK (26)
L @t

where £%2) is the infinitesimal generator of the joint quality process: for any
sufficiently smooth F': R® — R,

LB p = Fy + (¢ — 5QI)FQ1 + (05 — 5Q2)Fq2 + %HQQ%FQUH + %UQQSF@%‘

Since all equilibrium objects other than investment coincide with those in
the baseline model, solving for a Markov equilibrium reduces to finding value
functions and investment policies that satisfy this system.

Algorithm Overview [ solve the HJB system using an implicit upwind
finite-difference scheme. In steady state, value functions and policies depend
on (q1,¢2) but not on t.

33 See Budd et al. (1993) and Harris et al. (2010). In such settings, deterministic for-
mulations often fail to admit Markov equilibrium because, under certain Markov strategy
profiles, an arbitrarily small lead can generate large payoff gains for a player. Introducing
noise can restore equilibrium existence by softening these leader—follower dynamics. Consis-
tent with this, Budd et al. (1993), who analyze a similar model, claim in their Section 3 that
any nontrivial amount of noise ensures equilibrium existence. Given the close connection
between our models (see Online Appendix [H), I conjecture the same mechanism applies
here.
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1. Steady state: Fix the steady-state ad price from Theorem m From an
initial guess of value functions, iterate (@) backward in time, updating
value functions and controls until convergence to steady state.

2. Transition path: Using the steady-state value functions as the terminal
condition, iterate (@) backward from a large terminal time to compute
value functions and controls along the transition path.

Details and theoretical foundations are discussed in Online Appendix E

7.3 Policy Experiments Under Duopoly

I revisit the policy experiments from Section B to assess the robustness of the
results to strategic interaction in investment. I initialize both platforms’ qual-
ity levels at the point where their drifts are zero in steady-state and plot the
transition following a parameter shock along the path where realized Brownian
shocks are zero. Because the equilibrium is symmetric, the two platforms share
a common quality trajectory along this path. Although transition dynamics
may vary across realized Brownian paths, I plot this trajectory because it is
representative given the modest volatility parameter n = 0.12.

Figure il presents two experiments. Panels (a)—(b) examine a data shock
from G = U[.2,.8] to G = U[0, 1]. Panels (c)-(d) examine an interoperability
shock that raises € (from 4/3 to (4/3)(1.01)) and lowers the ad rate A (from
2 to .1). If platforms set ad display as in the baseline model (by ignoring
strategic effects or the effects on consideration sets), this change in A would
arise endogenously from the change in €. The experiment thus isolates the
incremental effects of strategic investment relative to the baseline model. I
plot quality and investment paths. Consumption and ad revenue follow the
same paths as in the baseline up to a constant scaling factor and are therefore
omitted for brevity.

Across both experiments, the qualitative comparative statics mirror those
in the monopolistically competitive case, showing that the key economic mech-
anisms are robust to strategic investment.

7.4 Comment on Endogenous Ad Display Rates

The analysis treats the ad display rate A as exogenous. Endogenizing ad
display requires tracking the entire distribution H,; as a state variable, which
complicates the equilibrium computation. A possible route is to instead model
a continuum of duopolistic platform markets (for example via a nested CES
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Figure 4: Transition dynamics under duopoly

Notes: Panels (a)—(b) _show responses to a shock to G from U[.2,.8] to UJ[0, 1], using pa-
rameters from Figure P except with I = 10. Panels (c)—(d) show responses to simultaneous
shocks to € from 4/3 to (4/3)(1.01) and to A from .2 to .1, using parameters from Figure
except with I = 10.

structure). In that environment, ad display remains a static choice and no
individual platform affects the deterministic law of motion of consideration
sets. At the same time, platforms remain large under a narrower market
definition, with strategic interaction in both investment and ad display. The
algorithm developed here appears extendable to this setting particularly for
steady state.

34In such a setting, the interoperability counterfactual corresponds to raising the elasticity
in each market, capturing the aggregate effect of many mandates (or a mandate applied
across markets).
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8 Data Asymmetry

So far, platforms have shared the same data, and we found that they may col-
lectively prefer coarser information. I now extend the framework to allow data
asymmetry between two groups of platforms, linking data informativeness to
relative market shares and quality levels. In this environment, individual plat-
forms often benefit from more granular data even when, collectively, platforms
do not. Building on this, I offer a candidate mechanism for the puzzling de-
cline in advertising’s share of GDP during 2000-2018, precisely when data-rich
digital platforms rose to prominence (Silk et al., 2021).

The dynamic auction structure is crucial for keeping the analysis here
tractable, as discussed in Subsection B.1. To my knowledée, relatively little
work studies platform competition with asymmetric data.

8.1 Setup

There are two groups of platforms indexed by z € {1, 2}, with masses m,. As
before, v;; denotes consumer 4’s value for firm j. When bidding on a platform
in group z, firm j receives signal (,;;. I assume

(Uija Clija Czij) ~Q

on [0, 00) x R?, independently across i and j. Let G be the joint cdf of ({145, Caij)
with continuous density g. All other aspects of the baseline model are retained.

8.2 Equilibrium

With asymmetric data, a state variable is the joint distribution H,; of signals
(Ciij, C2ij) in consideration sets. Its law of motion depends on the attention
shares allocated across the two platform groups, which depend on platform in-
vestment, which depends on ad revenue, which depends on H;,—introducing an
additional fixed point relative to the baseline model. Bidding strategies also
differ by platform group. Despite this added structure, the model remains
parsimonious, and I provide a simple algorithm to compute steady-state equi-
librium.

35See exceptions Ichihashi (2021), Greenwood et al. (2025), and Bergemann and Bonatti
(2011). The latter two analyze perfect competition between traditional and digital media.
In Greenwood et al. (2025), targeting distinguishes college from noncollege consumers; in
Bergemann and Bonatti (2011), targeting ability is captured through the joint distribution
of preferences and media use.

36Details are in Online Appendix B
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Algorithm Overview A steady-state equilibrium is computed as follows:

1. Guess an attention share x; allocated to group 1 platforms.
2. Fixing 21, iterate the law of motion (@) for H, forward until convergence.

3. Compute steady-state bid functions and average ad prices via a contrac-
tion map (pbl)).

4. Given ad prices, platform qualities and the implied attention share z;
follow explicitly (@)

5. If the implied x; matches the guess, a steady-state equilibrium is found;
otherwise update the guess and repeat.

By iterating over a grid of guesses for z; on [0, 1], one can identify all steady-
state equilibria and verify uniqueness.

8.3 A Puzzling Empirical Pattern
The model can reproduce the following stylized fact:

“Perhaps the most puzzling feature...is that the rapid growth of
digital advertising has occurred over a period during which the
share of U.S. economic activity (as measured by GDP) represented
by total advertising expenditures has been in decline.” (Silk et al.,
2021)

The mechanism mirrors Section H: More informative data raises the average
expected value of firms in consideration sets, py,. Because firms’ profits gross
of advertising costs remain fixed, the surplus platforms can extract is limited.
With greater information rents in auctions, total ad revenue can fall even as
data-rich platforms gain market share. Though other explanations may exist,
the model suggests that the data richness of digital platforms may itself have
contributed to the decline in ad revenue.

To illustrate, suppose v;; = eZi with Z;; ~ N(0,0%). There are two
platform groups of equal mass. Firm j’s signals are

Cij = 2y + Au, Coij = Zij + u,

where u ~ N(0,0%) and 0 < A < 15 When A < 1, group 1 platforms are
data rich (digital), and group 2 platforms are data poor (traditional).

37Firm j never observes both signals simultaneously. When bidding on platform z, the
firm observes only (;; and does not know the realization of the other signal.
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Figure B plots the steady-state share of ad revenue accruing to group 1 as a
function of its data advantage 1 — A. The left-most point (A = 1) corresponds
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Figure 5: Group 1 share of total ad revenue and total ad revenue

Notes: The group 1 share of ad revenue and total ad revenue are plotted as functions of
the data advantage of group 1 platforms, measured by 1 — A, for parameter values 0% = .5,
02 =2 T=1p=1A=01) =1,J=.1N=20,e=160=3, ¢ =75,
v(a) =1 —62.5a. Results hold for any platform mass K.

to the case in which both groups are traditional media. Moving rightward, each
point A < 1 represents a steady state in which data-rich digital platforms have
entered alongside traditional media. Both total ad revenue and its split across
groups are invariant to the total mass of platforms, so entry alone cannot
generate the patterns in the figure. Thus, the comparison between A = 1 and
any A < 1 is consistent with any pattern of entry or exit, provided the new
steady state contains equal masses of each group.

Consistent with the stylized fact, group 1 captures a rising share of ad
revenue as its data advantage grows, yet total ad revenue declines. In this
example, the higher share reflects both higher ad prices and higher attention
shares. Thus, individual platforms gain from more informative data even when
platforms as a whole do not.

9 Further Extensions

I summarize four extensions of the baseline model to illustrate its ability to
accommodate a wide range of market features. Although presented separately,
these extensions can—in steady state—be combined within a unified frame-
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work. All four admit analysis in general equilibrium, where welfare has a nat-
ural interpretation, and Extensions 1-3 also appear tractable in the duopoly
and asymmetric-data environments.

1) Network Effects In the first extension, found in Online Appendix @,
I introduce network effects by assuming that a platform’s effective quality is
n(xkt)y(a@)qkt, where 7)(+) increases in total attention xy; = ﬁl Zipr di. Analo-
gous to ([L§), equilibrium attention satisfies
o [(zke) v (are) gre] ™
fK[n(xzt)szt)QZt]ﬁldz’

k e K.

Since 1, appears on both sides, to obtain explicit solutions I assume n(z) = ¢
with ¢ > 0.

For any set E; C K of positive mass, there is a solution of the form

e—1
[V (akt)qre) =D

1
fEt [V(a) @] =D d2

Tyt = Likery, kek

Thus network effects generate equilibrium multiplicity. Under the refinement
that F; = K at each t, a unique equilibrium exists. The equilibrium mirrors
that of the baseline model but with a higher elasticity of attention to quality
equal to (e—1)/[1—((e—1)] > e—1. This higher elasticity reduces equilibrium
ad display rates and increases long-run investment. The refinement is natural
when K is interpreted as a stable set of active platforms.

2) Heterogeneous Platform Productivity The second extension, found
in Online Appendix m, allows platforms to differ in the productivity of their
investments. I characterize full equilibrium dynamics. By varying the pro-
ductivity distribution, the model can generate a broad class of non-atomic
platform share distributions, enhancing its suitability for quantitative work
and empirical applications.

3) Zero Prices In the third extension, found in Online Appendix , [ provide
intuition for why zero prices for platform services may emerge endogenously
in some environments. I allow platforms to charge only nonnegative prices.
Negative prices may be infeasible if platforms cannot reliably distinguish bots
from humans (Corrao et al., 2023).
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The intuition is straightforward: if the marginal utility of product con-
sumption is much higher than that of platform consumption, attention be-
comes highly sensitive to platform prices. In such environments, platforms
optimally rely solely on advertising revenue and set prices to zero.

4) Firm and Platform Entry The fourth extension, found in Online Ap-
pendix [K|, introduces entry by both firms and platforms subject to upfront
costs. I characterize steady-state equilibrium and show that more informative
data can induce firm entry and platform exit, while greater platform substi-
tutability can trigger exit by both firms and platforms.

10 Concluding Discussion

This paper proposes a framework for the modern attention economy in which
platforms offer free services to attract attention and monetize that attention
through targeted advertising. The framework captures the interaction between
attention and product markets, platforms’ dynamic investment incentives, and
welfare tradeoffs between paid products and free platform services. These
features are salient in ongoing policy debates but rarely analyzed together in
formal models.

The paper provides a tool for investigating mechanisms that arise from
these features. The results suggest a common theme: the importance of ac-
counting for cross-market spillovers and dynamic effects when analyzing the
attention economy. First, I study data and interoperability policies and find
that their effects can be counterintuitive and change sign over time, trading
off product consumption against platform quality. In practice, interoperabil-
ity policies are often aimed at large platforms where strategic effects may be
important; evidence from the duopoly variant suggests that similar patterns
can arise in such settings.

Second, I investigate welfare in general equilibrium and find that invest-
ment and advertising can be too high or too low. With Cobb-Douglas utility,
I derive a simple sufficient statistic—based on a few interpretable quantities:
the utility weight, ad revenue, income, elasticity of attention, and product
markup—that determines the sign of the investment distortion.

Third, I extend the model to capture data asymmetry between two groups
of platforms and highlight a channel through which product-market spillovers
may help reconcile the rise of data-rich digital platforms with the decline in
advertising’s share of GDP in the period 2000-2018.
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In addition to these results, the framework can flexibly accommodate sev-
eral salient features of digital markets. I consider extensions with network
effects, platform heterogeneity, and endogenous entry, and examine when zero
pricing for platform services can arise endogenously.

There are many promising directions for future work. Endogenizing ad
display rates in a duopoly setting would allow a more complete analysis of
strategic interaction.’?S Although CES preferences preclude personalized pric-
ing, a topic of growing policy attention, the model can be extended to study
product steering, a related phenomenon. To study robustness of the findings
to other modes of discovery, the framework could also be extended to give
consumers an outside option to purchase products without first viewing ads.
A sharper characterization of when more informative data reduces ad revenue
would further enrich the analysis of data policies.®d Finally, modifying the
investment technology to accommodate long-run growth could connect the
framework to policy discussions around innovation.

Much remains to be explored. I hope the framework offered here can serve
as a useful step toward a deeper understanding of the attention economy.
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A Appendix

A.1 Intuition for Proposition
Consumer ¢’s CES preferences imply a demand for product j € €2;; of

T,

f Us p ; gdzp]ta’ (27)
Qt w2zl z

Cijt =
Given the demand in (@), firm j’s flow profit from selling to consumer ¢ is
05 (P = 1). (28)

Since v;; and €); appear in a term that scales demand by the same factor for
any given price, they are irrelevant to the firm’s pricing decision. Firm j’s
optimal price is therefore a constant markup irrespective of its information
about the consumer’s preferences.

A.2 Equilibrium Properties Along the Transition Path

Theorem m characterizes the equilibrium in steady state. Along the transition
path, the equilibrium has the following properties.

o Ad display rates and attention are as in Parts 1 and 6 of Theorem m
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The mass of firms in € is

M, = A (Aé — MO> e M, (29)
!

The cdf Hy of expected values in €2, satisfies

Art
/ o . e e (30)
. u=
ey JG(0) — MuN — (J — M)u J— M

at each v € [0,00). Given Hy, H; is found from (@)

Firm 5’s bid in an auction for a consumer with expected value ¢ is
By(9) = / / e PPtz qoqy 5 e [0, 00). (31)
0o Jt

The average ad price in an auction is

TRt = / / TJs€ JClt AP A (0] dz g [1 = O(9)] do, (32)
o Ji

where O; = (Hf)YN + N(H{)N=Y(1 — Hf) denotes the cdf of the second-
highest expected value among firms in an auction.

Platform investment ¢;; and quality gy solve the boundary value problem

o p+ 5€ ¢ mriAle 1)”
T oM T I Kaw et
Gre = Lfy — Oqne, (33)

lim gkt = EK,
t—o00
ko0 = 4o,

where (i is steady-state investment from Part 5 of Theorem m Numerical
solutions to (B3) are computable in seconds via the shooting method.

A.3 Proof of Theorem m

Proof. The proof follows the steps outlined in Section @ I begin with Step 3,
since Step 1 is standard and Step 2 was completed in the main text. Steps 1
and 2 yield Parts 1 and 6 of Theorem EI
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Step 3. Calculate M;, H;, Hf. Because the ODE (H) is linear, it can be
solved directly to yield (R9). Taking ¢ — oo yields the steady-state value of
M in Part 2 of Theorem [l|.

To derive H; and Hf. I conjecture (and later verify) that bidding strategies
are monotone, so that (E) applies:

d
dr (M Hy(-) = AHtc(')N - AfMth(‘)
Using the accounting identity (@) to express this in terms of Hf alone gives
d & (& (&
3 (= MOH{ ()] = MIG() = (J = Mo HE ()] = AHE()".

Expanding the left-hand side and substituting M, = A — \ M, from (H),

(J = M)H{() = A [JG() = (T = My)H; ()] — AH{ ()Y + (A = A M) HE()
= MJG() = MH()Y = (J = M)H{()],

where M = A/\; is the steady-state value of M,;. Setting the right-hand side
to zero gives the steady-state cdf H¢ in Part 3 of the theorem.

Since M on the right-hand side is constant, the ODE is separable and
can be solved analytically, yielding (@) As t — oo, the right-hand side of
(B() diverges, so the integral on the left-hand side must diverge as well. The
integrand is bounded except where its denominator vanishes, so Hy(?) must
approach a zero of the denominator. That zero is the steady-state value H¢(0)
identified above, so Hf (and therefore H;) converges to its steady-state level.

Step 4. Firms’ Bidding Strategies. Recall from Section E that the rate at
which a firm outside €;; enters €, conditional on 0;; = 0, is Aet(0) = At W2 (0),
where Ay = NA,;/(J — M,) is the rate at which the firm is invited to bid and
Wy(0) is the probability of winning conditional on being invited. The value
functions V® and V0" satisfy the HJB equations

VI (0) = pV " (0) = Ap [VO"(0) = V" (0)] — 7t
and
VO (0) = pVO (0) = AaWi(0) (Vi (0) = VO (8) — B [ B | B(8) > B ),
——
=Xet(d)
where Bt(l) is the maximum of the N — 1 other bids in that auction. If B; is

increasing, then W; = (H)¥=! and BY £ B,(6(M), where 6 ~ W,
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In any equilibrium, because the auction is second price, B, = V;® — V;0ut,
Subtracting the two HJB equations gives

. By(v) N
Bt(f)> = [p ‘I— )\atWt(/IA}) + )\f] Bt<®) — )\at/ Sth(S) — thﬁ,
0

where W, is the cdf of B, so W,(0) = Wi(B,(9)) by definition. Differentiating
in v yields '
By(0) = [p + AatWi(0) + Af] Bi(0) — s,

which has solution
t
By(0) = elolts e tV0)] <B()(@) - / ryse Bl @] d: ds) .
0

Since By is Lipschitz (Lemma EI in Online Appendix @), the term in parentheses
must vanish as ¢ — oo; otherwise B; would diverge. Therefore

?

Bl(0) = elalotrrtre: W= ()] dz / - e o PR+ A0 W= ()] dz g g
t
which is positive, so the bidding function is increasing as conjectured. This
holds for any path of H;, confirming that the assumption underlying (B) is
valid.
The bidding function (@) then follows by substituting H¢(9)V =1 = W,(9).
A direct calculation yields the average ad price (B2) and its steady-state coun-
terpart in Part 4 of Theorem |[l.

Step 5. Investment and Quality. Given the average ad price and con-
sumers’ attention choices, the Hamiltonian for platform k’s problem is

e—1

H(t, Qrts Uit )\t) = WKtA% — Lt + N\ (eft - 5th) )
K Qi
where the costate \; satisfies
. qu2
A — N = e A(e — 1) —2— — )4
P e

Lemma E in Online Appendix @ shows that the platform’s problem () has a
unique solution when e—1 < 1/, so all platforms employ the same investment
strategy in equilibrium. The costate equation therefore simplifies to

WKtA(G — 1)

A — A =
PA ¢ K

— A0
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The first-order condition for the Hamiltonian gives
1 -

and differentiating in ¢ yields
. 1— 0, o
)\t - Tgktwgkt'
Substituting into the costate equation gives

Uy = — Ly — 07 34
kt 1_ 0 kt 1 0 Kth kts ( )

where recall that

Gkt = Ly — Ot qro = qo- (35)
The steady-state values of ¢, and g follow from (@)f(@), yielding Part 5 of
the theorem.

It remains to establish existence and uniqueness of an equilibrium trajec-
tory satisfyin (@)7(@) Three lemmas, proved in Online Appendix , deliver
this. Lemma@ shows that a solution exists for any initial conditions. Lemma
shows that any such solution either vanishes, diverges, or converges to steady
state. Only the last is consistent with equilibrium, so the equilibrium trajec-
tory solves the boundary value problem (B3). Lemma [ establishes that this
boundary value problem has a unique solution.

The final step verifies that the Hamiltonian approach is valid—that is, that
platform k£ optimizes by investing according to the solution to (@), provided
its rivals do the same. When € < 2, the Hamiltonian is jointly concave in state
and control, so the Mangasarian sufficient conditions apply directly. In the
more general case € — 1 < 1/¢, joint concavity may fail. I instead apply the
calculus of variations: the Gateaux derivative of platform k’s objective with
respect to the control vanishes in all directions when investment satisfies (B3),
and the second-order condition holds because the objective is concave in the
control (Lemma B) Details are omitted for brevity.

Finally, Part 7 of the theorem, which records steady-state product and
platform consumption aggregates, follows immediately from the earlier parts.

O

A.4 Data Shock: Garbling
Figure B shows how © ~ UJ0, 1] is garbled into v ~ U[.2,.8].

41



4(1 — PI‘{,)

4 PI‘{,

Ul[0,.2] U[8, 1]
/_/H /_/H
1 O 1
0 2 8 1

Figure 6: Joint distribution of pre- and post-shock expectations

Notes: Let © be any point in the orange region [.2,.8]. Following the shock, © stays put,
in that v = v with probability .6. Otherwise, with the residual probability .4, it jumps to
one of the black regions [0,.2] U [.8,1]. Conditional on jumping up (down), ¢ is distributed
uniformly across the upper (lower) black region. The probability Pr,; that ¢ jumps up is
such that the martingale property holds: E[0|0] = 0.
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Online Appendix of
“A Model of the Attention Economy:
Data, Platforms, and Discovery”

By Daniel Chen

B Supplemental Material for Section @

Appendix gives the formal statement of a firm’s bidding problem. Ap-
pendix proves the auxiliary lemmas used in the proof of Theorem [l.

B.1 Formal Statement of Firms’ Bidding Problem

Let 7, denote the zth time of entry into an auction for consumer ¢. That is,
7, is the zth arrival of a Poisson process that ticks at rate Ay + Arlygjeq,)-
Taking the bidding strategy By(-) of its rivals as given, firm j sets bids to
maximize the present value of flow profits (including the costs of advertising)
from selling to a typical consumer i:

II; = max E

(b} /o e mss(0i3) Ljen,y ds = e By, (V) ﬂ{bz>Bm (o)}

z=1

where @9) is the highest expectation of the N — 1 other bidders in the zth
auction: 179) ~ (HfZ)N_1 conditional on 7,. Above, the bid b, in the zth
auction is a measurable function of the expectation v;; and time t.

B.2 Auxiliary Lemmas for Theorem

This subsection proves Lemmas E@, used in the proof of Theorem m

Lemma 1. In an equilibrium, the bidding function By(-) is Lipschitz at each
t.

Proof. Since B; = V" — V.0 it suffices to show that V" and VO are
Lipschitz. T argue for V;; the argument for V,°" is analogous.

Fix two expected values v > v. Consider a firm with expected value v that
deviates by bidding as if its expected value were v. The deviating firm’s bidding
induces the same dynamics for 1y;cq, } as a firm actually with expected value
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0, but its true flow profit at time s is m,0 rather than 7j,0. Letting f/tln(f))
denote the value of this deviation,

V@) = 00 = (0= 0B | [ e 1, ds].
t

where the expectation is taken under the v-bidding law. Note that ad costs
cancel since both firms bid identically. )
Optimality of V() implies V() > V;(9), so

& su s
Vi (8) - VE(E) < (0 - ) E [ | e e, ds] < Pt T gy
t p
Since V;™(9) > V,™(¢) by monotonicity (a firm with higher expected value
can always replicate the strategy of a firm with lower expected value), the
difference is non-negative, and

SUP,y T
[Vin(5) = V()] < =22 fo — o).
p
Since sup,, 7y, < 0o, V™ is Lipschitz. O

Lemma 2. Ife—1 < 1/, the platform problem (@) is concave and thus any
solution is unique. If e — 1 > 1/, the platform’s problem does not have a
solution.

Proof. Solving out the ODE for ¢; yields

t
Qrt = e_‘”/ e‘ssﬁfs ds + e % qp.
0
The flow utility of platform £ is then

(e"st fot 207 ds + e"”(jg)6 1
TK¢ 1 — gy
fK ta dZ
Suppose that € — 1 < 1/p. Then we observe that the flow utility must be
concave in {{y;}—The second term is linear; the first term’s concavity is de-
termined by the numerator, which is a CES aggregator with share weights
determined by the exponential function. It is well known that this aggregator
is strictly concave as long as e — 1 < 1/¢.
Since the flow utility is concave in {{;;} at each t, the objective function
must also be concave in {{;;}. As a result, any solution to platform &’s problem
must be unique.
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Now suppose that e — 1 > 1/¢. I claim that there can not exist an equi-
librium. Fix an arbitrary strategy {¢x:} and then consider scaling up by some
factor x. For large y, flow utility is determined primarily by the term

(e“% fot e l?, ds> -

(e=1)
x” TKt p — Xkt
fK th ! dZ
Thus if (e — 1) > 1, it is possible for the platform to acheive an arbitrarily
high value for the objective simply be scaling up x. [

Lemma 3. There exists a unique solution to the ODE system

p+0

Crp —
-9 Il—¢  Kgu
Grt = gft — 0Qx

Uy = 49 (36)

for the whole domain t € [0,00) for any positive initial conditions ({xo, qro)-
Moreover, the solution for investment {{y; } is weakly increasing and continuous
in its initial condition lyy. Moreover, if {19 > lo, then 1y > lo for every t
such that £4, > 0.

Proof. Since the system can be written in standard form as [€ kt Gt = J(t, [kt Qrt)),
where f is continuous in ¢ and locally Lipschitz in [¢x; gx:] on (0, 00)?, the exis-
tence and uniqueness of local positive solutions follows from Picard—Lindelof.
These properties also imply that solutions are continuous in initial conditions.
Observe that the ODE for /;; has an absorbing point at zero and by Gronwall’s
inequality
p+d

U < Uroet=+"
whenever a solution exists. If /;; reaches zero, we continue the solution at the
absorbing boundary ¢;; = 0, which yields the unique nonnegative continuation.
Similarly from the ODE for g, we have

t t
5
Qe =€ g0+ / e 200t ds < e ¥go + / efa(t"s)ffoe‘p%s ds.
0 0

But then the solution of the ODE system can not explode in finite time or
become negative and so the maximal domain of existence must be all of t €
[0, 00).
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To see that {{x} is monotone in ¢}y divide both sides of the ODE for
by lx:. Then we have

be _p+d ¢ o1 meA(e — 1)
e 1—¢ 1—9o™  Kgu

Let f; = In(¢g). It suffices to show {f;} is monotone in fy,. We have

j = pto <€ft)<P_17TKtA(€_ 1)
Il—¢p 1-9 Kqp

with
it = el — Ot

Now I observe that f is increasing in both f; and gy with the former being
true since ¢ < 1. Moreover, any solution for g, is monotone in { fs, s < t}.
Let fio > fo0 be two initial conditions, with corresponding solutions { fi;}
and {f2}. Suppose, toward a contradiction, that the two solutions meet at
some time before the lower investment path reaches zero, and let 7 be the
first such time. Then f;; > fo on [0,7) and f1, = fo,. Since g is strictly
increasing in the history {fs : s <t}, it follows that ¢;, > ¢o,. Evaluating the
differential equations for fi; and f5; at 7, the equality fi, = for and the strict
monotonicity of f; in gxe imply fir > far. On the other hand, since fi— for > 0
fort < 7 and fi, — for = 0, we must have flT — fQT < 0, a contradiction. Hence
l1; > Uy as long as the lower solution remains positive. If the lower solution
reaches zero, then ¢y, > {5, = 0 thereafter by nonnegativity and the absorbing-

boundary convention. Therefore ¢, is weakly increasing in f.
O

Lemma 4. Any solution of the ODE system (@) for investment ly; for any
initial conditions either diverges, vanishes, or converges to steady state.

Proof. In what follows, let ({sg,qss) denote the unique steady state of the
ODE system (@)

Step 1: If qikt — 4ss, then ly; — lgs.
Suppose qx; — qss and fix a > 0. There exists ¢ > 0 sufficiently small
such that

p+o ¢ (mx+(¢)Ale—1)

_ p—1
l—¢p 1—¢ K(gss—¢) (lss + ) > 0. (37)
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Note that if o and { were zero, the left-hand side above would be zero, since
(Yss,qss) is by definition a steady-state solution to (@)

Since mx; — 7w and ¢ — ¢gg, for all ¢ sufficiently large and any £, >
lgs + o we have

@_p—i—é_ ¢ TriA(e—1)
Ekt_l—gp L= K qps
S Pt (mF QA1)
T l-¢ 1-¢ K(gss—)
> 0,

p—1
gkt

(655 + Oé)t‘a_1

where the first inequality uses mx; < mx+(, qre > gss—(, and (since ¢ —1 < 0)
Eft_l < (ESS + a)c'ofl for liy > Lgg + .

Because /#~! is decreasing, the inequality above shows that ékt [l > 0 at
every point with ¢x; > lgs + «; hence the region {¢ > (g5 + a} is forward-
invariant. Consequently, if {;, > fs5 + « at some large ¢, then (s > (55 +
for all s > ¢, the bound (B7) applies throughout, and ¢js diverges. But then
Qe — qss cannot hold. By the symmetric argument, ékt [y < 0 whenever
Uy < lss — a, so {l < lgs — a} is forward-invariant; if ¢z, < g5 — v at some
large t, then f;, vanishes and again qx; — ¢ss cannot hold. Therefore, for all
large t, ly; € [lss — a, lss + ). Since a > 0 was arbitrary, g — lss.

Step 2: If que = qss, then {; diverges or vanishes.

Since qi; - qgs, there exists o > 0 such that either qi; > ¢gsg + « infinitely
often or g < gss — a infinitely often (or both). Fix such an « and take ¢ > 0
small and ¢ large enough that |mg; — mx| < (. We treat the two cases in turn.

1. Case 1: gy > qss+« infinitely often. Let ¢* solve (£*)¥ = §(qss + a);
this is the investment level that holds quality steady at gss+a. Consider
the first time 7 at which g, = ggs + . Since ¢ reaches this level from
below, gir > 0, i.e. £ > 0(gss + a) = (£*)?, so L, > (*.

For ( sufficiently small, at any point with ¢ > ¢* and ¢ > gss + «,

@ Pt o mriA(e— 1)€¢—1
gkt_l_(;p L= K qp M
p+d o (mk+ A1)
l—p 1-¢ K(gss+a)
> 0,

(f*)tp—l

where the inequality uses ¢ > ¢ss + o and, since ¢ — 1 < 0, (5, 1<
(*)¢~1 for £; > ¢*; both move the expression above its steady-state
value of zero.
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Two consequences follow. First, £ > 0 on this region, so ¢ cannot fall
through ¢*. Second, ¢ > ¢* gives ¢ = ¥ — dq > 0 at ¢ = qgs + @, S0
g cannot fall through ¢gs + a. Hence the region {¢ > ¢*, ¢ > qss + a}
is forward-invariant. The trajectory enters it at 7 and remains, so the
growth bound holds for all s > 7, and f;, — o0.

2. Case 2: ¢ < gss — « infinitely often. The argument mirrors Case
1. Let £** solve (£**)? = 0(qss — «). At the first time ¢ falls to gss — a,
q reaches the level from above, so ¢ < 0, giving (¥ < §(ggs — o) = (£**)¥
and hence ¢ < £**. For ( small, at any point with £ < ¢** and ¢ < gss—«
the analogous bound gives {4, /lrt < 0, so ¢ cannot rise through ¢**; and
0 < 0% gives ¢ < 0 at ¢ = qss — «, so ¢ cannot rise through ggss — a.
Thus {¢ < ¢**, ¢ < qss — a} is forward-invariant; the trajectory enters
it and remains, and £, — 0.

In either case f;; diverges or vanishes, completing the proof. O

Lemma 5. There exists a unique solution to the boundary-value problem (@)

Proof. Uniqueness. Suppose for contradiction there are two solutions 3 and
Ekt with initial conditions fxg and fko, and suppose Eko > (9. By Lemma

since Ekt > (i, it follows that Ekt > Ekt and therefore
In(lr) — In(Crr) > In(fyo) — In(lpg) > 0

for all t. If both solutions converged to fxk, this difference would tend to zero,
contradicting the strictly positive lower bound. Hence at most one solution
satisfies the terminal condition.

Ezistence. Consider a version of (@) in which the boundary at oo is
replaced by a boundary at some finite 7" > 0. If a solution to this finite-
horizon problem exists it is unique, by an argument analogous to the one just
given. It is straightforward from (@) that increasing (o makes {1 arbitrarily
large, while decreasing (i, makes ¢, arbitrarily close to zero: the right-hand
side of (Bf) grows without bound as ¢;; diverges and is negative for all 4, in a
neighborhood of zero. Thus, by continuity in the initial condition (Lemma J),
there is an initial condition, which we denote ¢4(T"), for which {7 = lgg; the
corresponding solution to the initial value problem solves the boundary value
problem with boundary at T

Now take a sequence {T,} with lim, ,., T, = oo, and consider the cor-
responding solutions {/x(7},)}, each extended to all . By Lemma @, each
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such solution diverges, vanishes, or converges to steady state. Hence there are
either infinitely many that diverge or infinitely many that vanish.

Suppose first that infinitely many diverge. Define
Uro = inf{lko(T},) | the extended solution with this initial condition diverges},

and let £}, be the solution with initial condition ¢;,. We claim ¢}, converges
to steady state, and therefore solves the original boundary value problem with
boundary at co. Suppose not. By Lemma {|, ¢;, then either diverges or van-
ishes.

1. Suppose ¢}, diverges. Let T* = sup{t | (5, = lss}. Since (}, diverges,
it eventually exceeds (gs permanently, so {t | {5, = lss} is bounded
above; hence if nonempty, 7% is finite. To see it is nonempty, suppose
instead it is empty, so £}, never equals {gg; since it diverges, ¢, > (gg for
all t. By monotonicity in the initial condition (Lemma §), every solution
with initial condition > ¢}, then also remains above /gg for all . But
each (4(7,) in the infimum defining ¢}, satisfies ¢o(75,) > (5, and is,
by construction, the initial condition of a solution with {1, = g5 — a
contradiction. Hence the set is nonempty and 7™ is finite.

Thus /5, solves the boundary value problem with boundary at 7. Now
choose T,, > T* such that the extended solution to the boundary prob-
lem at 7, diverges; this is possible since these solutions, being at ¢
but generically not at gsg at time 7T,,, diverge or vanish by Lemmaﬁ
and infinitely many diverge by assumption. This solution reaches fgg at
T, > T, that is, later than ¢}, does. By monotonicity in the initial con-
dition, a later crossing of {gg corresponds to a smaller initial condition,
s0 lko(Ty) < lry- This contradicts £, = inf,, xo(7},).

2. Suppose {;, vanishes. Inspecting (@), there exist £ > 0 and ¢ > 0
such that if ¢y, < £ and qi; < ¢ at any time, then ¢;; vanishes; that is,
the region {¢ < ¢, ¢ < q} is absorbing. Since 03, vanishes, fix o > 0 and
let T* be the first time at which £}. < £ —a and ¢. < ¢ —a. Perturb
the initial condition ¢}, upward by an arbitrarily small amount. By the
definition of /},, the perturbed solution diverges. Since any trajectory
entering {¢ < {, ¢ < ¢} vanishes, a diverging trajectory never enters
this region; in particular, at the fixed time 7™ the perturbed trajectory
satisfies lyp+ > £ or qyp- > q, whereas (. < { — a and ¢ip. < ¢ — a.
This jump of at least a, produced by an arbitrarily small perturbation
of the initial condition, contradicts continuity of solutions in the initial
condition at the fixed finite time 7* (Lemma J3).
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In both cases we reach a contradiction, so ¢}, converges to steady state and
solves the boundary value problem.

If instead infinitely many of the extended solutions vanish, the symmetric
argument applies, with ¢}, redefined as the supremum of the initial condi-
tions whose extended solutions vanish; the analogous contradictions show ¢},
converges to steady state. Since one of the two cases must hold, existence
follows. 0

C Supplemental Material for Section @

Appendix proves Proposition E Appendix @ proves Proposition E Ap-
pendix presents additional comparative statics omitted from the main
text.

C.1 Proof of Proposition

Proof of Proposition @ The proof proceeds via two Lemmas.
Lemma [ proves that product consumption is monotone in data informa-
tiveness.

Lemma 6. An increase in G in the mean-preserving spread order leads to a
weak increase in the steady state value of Muy and product consumption C'
and a decrease in the cdf H® in second-order stochastic dominance.

Proof. Suppose that G increases in the mean-preserving spread order to G.
Let H¢ denote the steady state cdf under G. Define

vy) =Gly) —Gly) and  v(y) = H(y) — H(y).
By Part 3 of Theorem m,
JG(y) = MH(y) + (J — M)H*(y)

and

JG(y) = MH(y)™ + (J — M)H*(y).

Subtracting the second equation from the first gives
J(y) = M | H(y)" - Hc(y)N] +(J = M)v(y).

Using the identity

F

aN o bN — (& - b) aN—l—kbk7

0

e
Il

50



it follows that

where
J — M MY
Qly) = ZHC YNEEHS (y)".
Observe that @) is nondecreasing and satlsﬁes
J—M
Qy) > > 0.

Define

Since (G is a mean-preserving spread of G,

/Osv(y)dyzo

for every s > 0. Integrating by parts yields

Qs)V(s) - / V(y) dQ(y) > 0. (38)

We claim that V(s) > 0 for every s > 0. Suppose for contradiction that
there exists s; > 0 such that
V(Sl) < 0.

Since V' is continuous and V' (0) = 0, there exists s* € (0, s1] at which V" attains
its minimum on [0, s1]. Hence,

V(s*) <0 and V(y) > V(s")

for every y € [0, s*]. Since @ is nondecreasing,

*

/0 V() dQW) = V(s Q) — Q).

Therefore, the left-hand side of (@) evaluated at s* is at most



for every s > 0. Strict inequality holds for some s, since otherwise v = 0, which
together with v(y) = Q(y)v(y) implies v = 0, contradicting the assumption
that G is a nontrivial mean-preserving spread of G.

Since V' > 0, it follows that He is lower than H¢ in second order stochastic
dominance and thus pg. < pge. This in turn imples pg > pug. [

Next, Lemma B shows that ad revenue is maximal in a limiting sense when
data is uninformative. From Part 5 of Theorem [l, platform quality is then
also maximal. To make the notation explicit, write mx(G) for the steady-state
average ad price as a function of the cdf G of expected values.

Lemma 7. Let {G,} be a sequence of continuous cdfs converging pointwise
to the Heaviside function centered at pip: lim, o Gp(0) = Lgs>p,y for each
0 € [0,00). Then lim, o mx(G,) = supg mk(G) where the supremum is over
all continuous cdfs G supported on [0, 00).

Proof. Let G be arbitrary. Using (E) and (@), both evaluated in steady state,
we have

mx(G) = E[B(2®)]

/@(2) 1 .
T s
oo PN As)

TE[6?)]
~ oMun(p+ Ay)
TE[5™M)]
~ oMpu(p+Ay)
I
oM(p+Ay)

=K

where above 9 ~ (HO)N + N (H9)N"Y (1 — H¢) and o) ~ (H°)". In the
fourth line we use the fact that in steady state H = (H¢)". The notation has
suppressed the dependency of H® and H on G.
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Using () in Theorem EI we have

I
li G,) =l —
A T (Cn) = i T T = H(s. G ds

9 /OO 1 — NH(s,G)N 1+ (N = 1)H(s,Gp,)Y
0 p+ A+ NHe(s,Gp)N 1

I /OOl_N]]-s>uF+(N_1):H'S>NF ds
oMur Jo pHAr+ Aalo>pp

I |
= / ds
oMpr Jo  p+As
1

aM(p+ Xy)

ds

where in the second equality I have used the dominated convergence theorem to
pass the limit through the integral. Above I have made explicit the dependency
of H¢ on (G,, in the notation. ]

The proof of Proposition @ is complete. Il

C.2 Proof of Proposition @

Proof of Proposition B The proof proceeds via a series of lemmas.

Lemma 8. An increase in € leads to a decrease in the ad display rate A.

Proof. By Theorem El, A is equal to

argmax av(a) ' = argmaxIn(a) + (¢ — 1)In (v(a)). (39)

a a

Pick €5 > €, and let a; solve (@) when ¢ = ¢; and define a, analogously .
By unique optimality,

Ina; + (61 — 1) Inv(ay) > Inas + (61 — 1) Inv(ag)

and
Inas + (e2 — 1) Inv(as) > Ina; + (&2 — 1) Inv(ay).

Add these two equations and cancel terms:
(e2—€1)(Inv(az) —Inv(ar)) > 0.

Since €5 — €1 > 0 and Inv/(+) is decreasing, this implies ay < aj. O
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Combining Lemma a and the following shows that an increase in € leads
to a decrease in product consumption.

Lemma 9. Starting from steady state, an increase in A leads to a decrease in
H, and Hf in first-order stochastic dominance and an increase in My, and
Cy at all t.

Proof. Recall from Step 3 of Appendix @ that

JG() = MHE()Y - (J — M)H{(-)

Suppose the economy begins in the steady state associated with M,. Then
JG() = MoHg ()™ — (J — Mo)Hg(+) = 0.
Following an increase in A, we have M > M, so
JG() = MHG(-)™ = (J — M)Hg(-)
= (M — My) [H() — Hi()"] > 0.
Moreover,

)
OH

(JG — M(H)Y — (J = MYH}) = ~MN(H) ™~ (J — M) <0,

so the drift is strictly decreasing in H; and has a unique zero, namely the new
steady state. Since J — M; > 0, the drift is positive whenever Hf lies below
the new steady state and vanishes at the new steady state. Hence H; increases
pointwise over time following the increase in A. Equivalently, H; decreases in
the sense of first-order stochastic dominance.
Since
Mipn, = Jue — (J — M) g,

and both M; increases and piye decreases, it follows that M;up, increases. By
Part 7 of Theorem EI,

so Cy; also increases.
Finally, recall that



Because the economy is initially in steady state,
Ho = (Hg)".

Moreover, Hf is nondecreasing over time, so (H¢)Y is a nondecreasing target.
It follows from the differential equation that

H, < (H)N

at every t.
Now consider two post-change values A" > A. Since

A
M, (A) = Mye Mt + )\—(1 — e,
f

we have

A A
M,(A) o Mye Mt + ;\A;f(l _ e*)‘ft)’

which is increasing in A. We have also shown that
H{(A') = Hi(A)

pointwise.

Suppose the two solutions for H; coincide at some value h. Since h <
(HE(A))N, their drifts satisfy

A A

Mt(A’) [(HtC(A/)>N - h} - m [(HﬂA))N - h}
Al A . N
= M(A) - M,(A) [(Ht (A)" — h}
A )Y — (EA)Y] >0

M, (A

A standard scalar comparison argument therefore implies that H;(A") > H;(A)
pointwise at every t. Thus H; decreases in the sense of first-order stochastic
dominance. [

Combining Lemma E and the following lemma shows that an increase in €
leads to an increase in ad revenue 7 A.

Lemma 10. An increase in A leads to a decrease in steady-state ad revenue
kA holding H and H® fized while allowing M to vary according to M = A/\;.
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Proof. From Part 4 of Theorem EI, steady-state ad revenue is

S8} _ c N-—1 o c N
A — IA / 1 — NH¢(s) + (N —1)H¢(s) ds,
oMpug Jo P+ Ar+ Ae(s)
where A\ (s) = A\ H¢(s)V L.
Moreover, Parts 2 and 3 of Theorem El imply
A c N - c N
M:/\—, H(s) = H(s)", g = [1— H(s)"] ds.
f 0
Therefore,
/°° 1— NH¢(s)N 1+ (N - 1)H(s)N d
s
c N-1
Ay b )

4 /0 1 He(s)V] ds

Since an increase in A leads to an increase in \, = NA/(J—M), mg A decreases.
[

This completes the proof of the proposition. O

C.3 Sufficient Condition and Convex-Transform Order

I develop a sufficient condition for an increase in € to lead to an increase
in ad revenue and platform quality in steady state taking into account the
equilibrium effects on H and H°.

I begin by defining the convex-transform order following Shaked and Shan-
thikumar (2007, Sec. 4.B).

Definition 3 (Convex-transform order). Let F' and G be continuous cdfs that
are strictly increasing on their respective interval supports, which are contained
in [0,00). Then F is smaller than G in the convex-transform order, written
F <.G, if Gt o F is convex on the support of F.

The relation F' <. G formalizes the statement that G is at least as right-
skewed as F'. When both distributions are smooth, convexity of the transform
is equivalent to monotonicity of the ratio of quantile densities. The equiva-
lence, stated in Lemma [L 1l and proven formally below, is asserted without proof
in the proof of Theorem 4.B.8 of Shaked and Shanthikumar (2007, p. 217).
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Lemma 11 (Quantile-density characterization). Let F' and G be cdfs supported
on intervals in [0,00), with densities f and g that are continuous and strictly
positive on the interiors of their supports. Write Qp == F~! and Qg = G1
for the quantile functions, and let

WA O () 1
QF(p)':QF(p)_f<QF<p>)a qa(p) = Qg (p) Q) p € (0,1),

denote the associated quantile densities. Then

F<.G << pr— is nondecreasing on (0, 1),

and G=' o F is strictly convez if and only if qq/qr is strictly increasing.

Proof. Under the stated assumptions, F' maps the interior I of its support
one-to-one onto (0,1), and likewise G; hence Qr and Q¢ are continuously
differentiable with the stated derivatives, and ¢ := Q¢ o F' is continuously
differentiable on Ir with

. f@
9(Qu(F(2)))

A continuously differentiable function on an interval is convex if and only if
its derivative is nondecreasing, and strictly convex if and only if its derivative
is strictly increasing. Since Qg : (0,1) — Ip is an increasing bijection, ¢’ is
nondecreasing on [ if and only if p — ¢'(Qr(p)) is nondecreasing on (0, 1).
Substituting z = Qr(p) into (@) and using F'(Qr(p)) = p gives

¢'(x) = qa(F(x)) f(z) >0, xzelp.  (40)

Qe (p) = a6p) F(Qr(p) = 140

which proves the claim. Il

I now state a sufficient condition for monotone comparative statics in
Proposition a to hold taking into account the full equilibrium feedback.
For each m € (0,1), let HS, be the unique cdf satisfying

m HE (0)N + (1 —m) HE(0) = G(0), b eR. (41)

In equilibrium, the steady-state distribution satisfies H¢ = HY, /y since M(H®)N+
(J — M)H® = JG. The following is a condition on the primitives N and G.
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Condition 1. The cdf G is continuous with a strictly positive density on the

interior of its support, and infsupp G = 0. Moreover, for all my < my in
(0,1), ano <c H, .

Proposition 6. Under Condition B, an increase in € leads to an increase in
ad revenue and platform quality in steady state.

Proof. From Part 4 of Theorem El, steady-state ad revenue is

0 1 c N-1 _ c N
A — IA / 1 — NH(s) + (N —1)H(s) ds,
oMug Jo P+ Ar+ Ae(9)
where \.(s) = A H(s)N L.
Moreover, Parts 2 and 3 of Theorem EI imply
A o
M:)\—, H(s) = H(s)V, NH:/ [1— H(s)"] ds.
f 0
Therefore,
/°° 1— NH¢(s)N"1 4+ (N = 1)He(s)V ds
I He N—-1
A — o Pt A+ A (5)
4 / [1— H(s)™] ds
0
Define
B 1 1— NuN"t 4 (N = 1)u?
ra, (u) = N—1 —uN '
p+Af+ Au 1—u
Equivalently,
1 1— Nt
= —(N=-1)].
Tka(u) 0+ Af + )\aUN_l |: 1 — N ( )

Both factors on the right-hand side are nonnegative and decreasing in u. Hence
Ty, 1S decreasing in u. It is also decreasing in A,.

Let ) denote the quantile function of H¢. Using that infsupp G = 0, it
follows that inf supp H¢ = 0 and therefore Q(0) = 0, so the change of variables

s = Q(u) gives

I/\f/o ry, (1) (1 — u™)Q' (u) du

xA :
| =@ a

g
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Define the probability measure pg on [0, 1] by
(1—u™)Q'(u)

[a-maas "

dpg(u) =

Then I
med = LB, [, (U))

Now consider an increase in €, and use hats to denote the resulting steady-

state objects. By Lemma B, A < A. Because M = A/Xy, it follows that
M < M. Furthermore, \, = %, so the decline in A, together with the

decline in M, implies /):a < Ay Consequently,
s, (w) > 1y, (u) for every u € [0, 1].

Now compare the probability measures induced by ) and @ Their likeli-
hood ratio satisfies

du~ N
Ha (u) _ CQ/(U>
duq Q'(u)
for a positive constant C' Slnce M < M while J is unchanged, M / J<M/J;
as H® = Hy,,; and He = » Condition m gives He <, H¢, so the right-hand

side is nonincreasing in u by Lemma Thus pg5 is smaller than g in the
monotone-likelihood-ratio order. Because T, is decreasing,

By [, (U)] 2 By [, (U)]

Combining this distributional effect with the pointwise effect of the decline in
Ao, We obtain

Therefore, R
%KA Z WKA.

The inequality is strict whenever either the likelihood-ratio shift or the decline
in A, is nondegenerate. Hence an increase in € raises steady-state ad revenue.

Finally, steady-state platform investment and quality are increasing in ad
revenue by Theorem [l. It follows that platform quality also increases. Il

Lemma 12. If G(z) = (z/b)* on [0,b] with o € (0,1], then C’onditz’on@ is
satisfied.
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Proof. The cdf G is continuous with density g(z) = (a/b)(z/b)*!, strictly
positive on (0,b), and inf supp G = 0. It remains to verify the ordering. Fix
mo < my in (0,1) and write

U (u) = mu + (1 —m)u, Yl (u) = Nmu " + (1 —m), u € [0,1].
Step 1: Quantile functions. From equation (@), u = H¢ (0) if and only if

m(u) = G(0). Hence, at the quantile level u, the quantile function @, =
(H¢)™! satisfies

GQn(w) =vul) = (D) = vt

Solving for Q,,(u) yields
Qum (1) = bp (u)e
Step 2: Quantile densities. Differentiating by the chain rule,
b 1
Q@) = —m(w)=""Yr,(w) > 0 on (0, 1).

Taking the ratio across m; and my:

() (Y )\, ()
(wmo<u>) | #2)
@ In

mo (1)

By Lemma @, it suffices to show that (@) is strictly increasing on (0,1). I
will show that both factors (I) and (II) are monotone with factor (II) strictly
monotone.

Step 3: Verify monotonicity. For a constant ¢ > 0, consider on ¢t > 0 the
function
emat + (1 —my)
emot + (1 —myg)

pe(t) ==

Numerator and denominator are positive for ¢ > 0 (as 0 < m; < 1), and by
the quotient rule,

o emi(l—mg) — emo(l —my) _ ¢(myq — my)
pelt) = (emot + (1 — mg))2 (emot + (1 — mg))2 -0
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So p, is strictly increasing on [0, 00) for every ¢ > 0. Substitute ¢ := u™ "1,

which is strictly increasing on (0, 1) since N > 2. For factor (I):

U, (u) miuN "+ (1 —my)
Vo () moulN=1 + (1 — my)

= pi(t).

Since 1/a > 1, factor (I) is therefore weakly increasing in ¢ and thus u. For
factor (II),

(1) _ NmpuN =t + (1 —my)
ro(w)  NmouN=1t 4+ (1 —my)

mo

= pN(t)ﬂ

which is strictly increasing in ¢ and thus u. Hence (@), the product of a
positive nondecreasing factor and a positive strictly increasing factor, is strictly
increasing on (0, 1), and Lemma @pyields Hy <. Hpy. . O

C.4 Additional Comparative Statics Omitted From the
Main Text

Lemma 13. Starting from steady state, an increase in J leads to an increase
in HY and H, in the sense of first-order stochastic dominance and thus to an
increase in Mg, and Cy at all t.

Proof. Fix an argument of the cdfs and suppress it throughout. Recall that

J(G — Hf) + M(Hf — HEN)
J — M, '

HE = \f

Suppose the economy initially lies in the steady state associated with .Jg.
Then
Jo(G — Hf)+ M(HS — HSN) = 0.

Following an increase from Jy to J > Jy, the numerator of the post-change
drift, evaluated at the initial steady state, is

J(G — H§) + M(H§ — Hg™) = (J — Jo)(G — Hg).
Since

M
G~ Hy =~ (Hg ~ H") <0,

it follows that the initial post-change drift satisfies

HE <0.
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Now define
Qs(h) = J(G—h)+M(h—hN).

Then
Qy(h)=—-J+M(1- NN <—J+ M <0,

so () is strictly decreasing and has a unique zero, corresponding to the new
steady state. Since Q;(H§) < 0, the solution decreases monotonically toward
the new steady state. Hence H; decreases pointwise. Equivalently, the dis-
tribution associated with Hf increases in the sense of first-order stochastic
dominance.

Next, recall that
A

m:mﬂwW—m.
Neither A nor M; changes with J. Moreover, because the economy begins in
steady state,
Ho = (Hg)".

Since Hf decreases pointwise, (Hf)Y also decreases pointwise. Thus, at any
point where two solutions for H, coincide, the one associated with the larger
value of J has a weakly smaller drift. A standard comparison argument for
scalar differential equations therefore implies that H; also decreases pointwise.
Equivalently, the distribution associated with H; increases in the sense of first-
order stochastic dominance.

Since M; is unaffected by J while pp, increases, Myuy, increases. Finally,
by Part 7 of Theorem m,

oc—1 1

Ciy = I (JWtMHt)ﬁ )

so Cy also increases. ]

Lemma 14. Under Condition B, an increase in J leads to an increase in
steady-state ad revenue T A.

Proof. Let J > J and use hats to denote steady-state objects under J. The ad
display rate A maximizes a v(a)*"! and is therefore independent of .J (Part 1 of

Theorem m), so A=A and, since M = A/\y, also M = M. Two consequences.

First,
3 NA NA

I M S T—M

so 75 (u) > 1, (u) for every u € [0, 1], since ry, is decreasing in A,. Second,

)\(JJ

N M<M
m:—/\ —:m’
J J
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so Condition EI applied to the pair m < m gives He = HE <.H, = H°".
The representation

I\
A = TfEuQ[TAa(U)]

derived in the proof of Proposition B holds at both J and J: its derivation uses
J only through H¢ and \,, and Q(0) = Q(0) = 0 since G is unchanged. By
Lemma , Q' /Q' is nonincreasing, so p15 is smaller than fiq in the monotone-
likelihood-ratio order; because r,, is decreasing,

Euglraa (U)] 2 By [ra, (U)] -

Combining this distributional effect with the pointwise effect of the decline in

Aas
I\ I\

mxd="LE, [r.(U)] > E,.o[r. (U)] = mA.

o
The inequality is strict: Mo < Aa strictly, ry, (u) is strictly decreasing in A, for
u € (0,1), and g assigns positive mass to (0,1). O

Lemma 15. An increase in K has no effects on ad revenue g, A at any time
t and leads to an increase in steady state platform consumption X.

Proof. As seen from (@), the _equilibrium ad revenue mg; A does not depend
on K. In steady state, using ([L§)

X — KeL% — lKﬁ—s@ (9057TKA(5_ 1))¢‘
o0 (0 +p)

This is increasing in K if the coefficient e — 1 < 1/¢. [

D Supplemental Material for Section @

Appendix m presents proofs of the results in Section % Appendix @

presents general equilibrium analogs of Propositions P and

D.1 Proofs of main results

Proof of Proposition . Product market clearing implies that [, = %5 (L —
K/lgy). That is, income is equal to the markup times the quantity of labor left
over for production.
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To compute (), let 7x = mx /I be the average ad price per unit of income.
From (L),

o0 c(\N—1 c(\N
Then, rewriting (), we have

b = —¢5;“<(‘2i 5)1) (44)
Given investment,

I= gil(L—KﬁK).

Solving this linear system for /k yields (@) The rest of the proof is analogous
to that of Theorem [l. O]

Proof of Theorem @ To characterize the planner’s steady state investment, it
suffices to take as given steady-state ad display A* and suppose that we have
already reached steady state for H; and M;. The Hamiltonian for the planner’s
problem for investment is

1 1-7 1 T
Mt o) = |(L = Kl) (Mp) 75| [K#10(A%) g,
+ A (0, — 0qr)

where )\, satisfies

. 1 1-7 T
Phi— i = [(L ~ Kl) (MMH)ﬁ] FEZTU(AY) gL — A

Maximizing the Hamiltonian with respect to the control yields

1

Moty = (1= DKL~ K] [(Mpm) 7] [Krv(a)g]

In steady state, A\; must therefore be a constant. We have

1 11-7 .
[(L — Kilky) (M/JH);] TKZV(A*)qu'fl

A:
! d+p

Substituting this into the previous equation, we have

(L= K)oty

=(1—-7)Kgq.
6+p ( 7—) Qt
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In steady state, ¢; = £3,/d so then

L—- K¢ 14
T—cp( ) =(1-7)K2,
o+p )
Rearranging gives
L
Kt -

T O+ = K

The Hamiltonian is jointly concave in state and control and therefore satisfies
the Mangasarian sufficient conditions for an optimal control.

To characterize the limiting ad display rate, let Uy(a) denote flow utility
under the constant ad display rate a, and let U**(a) denote its steady-state
value. Because M;up, converges to its steady-state value at a rate independent
of p, for every fixed ad display rate a,

/OO ety (a)dt = 2 4 o),

p

as p — 0, where the remainder is independent of p.

Suppose, by contradiction, that the limit of the planner’s ad display rate
does not maximize U®*. Then some alternative a yields a strictly larger steady-
state flow payoff. By the expansion above, the transitional payoff difference
is bounded, whereas the gain in discounted steady-state utility is of order
1/p. Thus, for all sufficiently small p, switching to a strictly increases welfare,
contradicting optimality.

Since the planner’s steady-state investment is independent of a, the terms
in steady-state flow utility that depend on a are proportional to

1—7

lapr(a)]== v(a)".
Therefore, in the limit as p — 0, the planner’s ad display rate satisfies (@) Il

Proofs of Proposition B and Corollary @ These results follow immediately
from Proposition §f and Theorem P.
O

D.2 Comparative Statics Omitted from the Main Text

The following results show how the conclusions of Propositions E and a extend
the to the general equilibrium setting.
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Lemma 16. In steady state, as data becomes uninformative (i.e., along any
sequence of continuous distributions G converging pointwise to the degenerate
distribution at pr ), ad revenue and platform quality converge to their suprema,
while aggregate product consumption converges to its infimum, over all con-
tinuous distributions G- with mean pip.

Proof. 1 first show that ad revenue is maximal in the limiting sense as data be-
comes uninformative. By an analogous argument to Lemma [f], 7k is maximal
as data becomes uninformative. Total ad revenue is 7x A = I A. Suppose for
contradiction that ad revenue is not maximal in this limit; then under some
informative data, I must be high enough that ad revenue is higher. From the
proof of Proposition f, I = ~%5 (L — K/x), so a higher I requires lower invest-
ment (x. But (44)) implies that lower investment requires lower ad revenue—a
contradiction.

For product consumption, recall ' = ”T_II(MuH)l/("*l). As data becomes
uninformative, g is minimal (Lemma [§). Ad revenue is maximal in this limit,
so by (44) investment is maximal, which makes I = ~% (L — K/{x) minimal.
All three factors push C to its infimum.

Platform quality is maximal in the limit by Part 5 of Theorem EI, since
investment is maximal. 0

Lemma 17. Under Condition B, an increase in € raises ad revenue per unit
of income (TxA) and platform quality, but reduces product consumption, in
steady state.

Proof. By an analogous argument to that in the proof of Proposition B, KA
rises with e.

I next show that platform quality rises with e. Suppose for contradiction
that platform quality (and hence investment (k) falls when € rises. By (@),
lower investment implies lower ad revenue. Total ad revenue is g A = I A, so
since 7 A has risen, lower ad revenue requires lower /. But I = %= (L — K/g),
so lower I requires higher /x—a contradiction.

For product consumption, recall C' = "T_ll (Mpg)@=Y . In general equi-
librium, € directly affects C' only through I, since M and pg do not depend on
€. Since platform quality rises, investment (i rises as well, so [ = ~*(L—K/x)
falls. The indirect effect of a decrease in A further causes C' to fall. Therefore
C falls. [
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E Supplemental Material for Section B

. Appendix provides details of the algorithm to compute an equilibrium.
Appendix describes a reformulation in which there is a single state variable
and uses it to reveal the connection between my model and that of Budd et al.
(1993).

This appendix %resents supplemental material for the duopoly model of Section

E.1 Details of the Algorithm to Compute Equilibrium

I use an implicit upwind finite difference scheme to solve (@) Here, I provide
details of this finite-difference scheme. In particular, I describe the iterative
procedure (used in Steps 1 and 2 outlined in Section B) to calculate the value
function at an earlier time step given the value function at a later time step.
At the end of this subsection, I discuss properties of the algorithm and math-
ematical foundations.

Discretize the State Space 1 first compactify and then discretize each
dimension of the state space in a standard way using evenly spaced grids.
The two quality dimensions share a common grid with gap A,, and the time
dimension uses gap A; between grid points.

Finite Difference Scheme Throughout, I supress the index k& on the value
function Vj, for ease of notation. In the remaining parts of this document, let

V(Ql + Aqa qQat) - V(Qlu q2, t)
A

V;;T(Qb 4z, t)
q

denote the forward difference and

Vg, @2, t) — V(g — Ay, go, t)
A

‘/q: (CIIa q2, t)
q

the backward difference approximation of V/9q;. Define V," analogously as

the forward difference approximation of 9V/0t.
Let

V(ql + Aqa qQ7t) B 2V(Q17 qQ7t> + V(Ql - Aq7 QQ7t)
AQ

q

‘/:]Chql (qh q2, t) =

denote the central difference approximation of §*V/dq}. Define Vi analo-
gously.
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To implement the (semi-)implicit upwind scheme, I work with the following
discretized version of (26):
pV(Qla q2, t) = sup ‘/tJr(qla q2, t) + V;{(Qu 42, t)(gfl - 5Q1)+ (45)
k1
+ V(g a2, ) (05, — 0q1)™ + V[ (a1, qo. ) (67, — 6qa)"
e—1

_ - q
+ VY(I2 (q17 q2, t) (€§2 - 5q2) - gkl + TthA e—1 - e—1"
¢ TG

1 1
+ o0 Vi (01,0200 + SPGBV, (01, G2:1).

Thus, the finite-difference scheme is upwind in the sense that it uses the
forward difference approximation of 9V /9q; (0V/dqy) whenever the drift of ¢
(go) is positive and the backward difference whenever the drift is negative. The
scheme is implicit in the sense that it uses the forward-difference approximation
of 0V/0t. Note that (@) is a relationship between V (-, + A) and V (-, t) and
thus we can use it to calculate V(-,t) given V (-t + A). The rest of this
subsection details how this is done. I note that because the scheme is both
upwind and implicit, V(-,¢) depends monotonically on V (-t + A), which is
valuable for the algorithm’s stability.

Optimal Controls Using (@) to compute the value functions backward
requires solving the optimization problem on the right-hand side. Using first-
order conditions, we can show that there are only two candidates for the op-
timal controls: max{¢;}, ¢¢} and min{¢, , ¢}, where ¢}, ¢, , and (5 are defined
as follows.
Define ¢} by

Vi (@1, a2, ) (677" =1,
1 by

Vi (@1, a2, )p(6,)77" = 1,
and /5 by

(£7)7 = dqu.

Construct the M matrix Consider the following term which appears on
the right-hand side of (@)

V(g o, t) (7 — 0q0) ™ 4V (g1, g2, t) (0 — 0qu) ™

+ V. (a1, q2.t) (€7, — 5g2)" + Voo (q1,qo,t) (€5 — 0ga)~
1

1
+ 577241?%1@1(611, @, t) + 5772613%2,@(411, @, t).  (46)
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I express the operator above in terms of a matrix M. Specifically, let N denote
the number grid points for both quality dimensions. The expression (@) is
to be expressed as MV where V is a N? x 1 vector representing the value
function at each quality (qi,g2) grid point and M is a N? x N? matrix.

The rows of V' are partitioned into N groups of N rows. Within each
group, the state ¢; is the same and only ¢y varies.

More specifically, i

Vigi,q2,t) = k

where k is the index of the vector V', then the corresponding indices of the
other value function terms in (4g) are:

V(ql,qg -+ Aq,t) = k + 1,

V(Qlﬂh _Aqat) = k_ 17
V(Q1+Aq7qQ7t) ék+N7
V(Ql_Aq7q27t) ék_N

Given the vector V| the rows and columns of M are organized accord-
ingly. Namely, M is populated along the main diagonal (which contains the
coefficients in (46) on V(qi,¢qq,t)), the +1 and -1 diagonals (which contain
the coefficients on V(q1,q2 + Ay, t) and V(gi, g2 — Ay, t) respectively), and
the +N and —N diagonals (contain the coefficients on V(g1 + Ay, ¢2,t) and
V(g1 — Ay, q2,t)) respectively. All other entries in M are zero. Thus, M is
a sparse matriz with only 5 populated diagonals. This sparsity is critical for
computational speed and a key advantage of the continuous-time formulation.
I take advantage of it in the MATLAB code using the spdiags function.

Calculate Value Functions at Previous Time Step Using the M matrix
(constructed using the optimal controls at time t in (@)) together with (@),
we can succintly express V (-, ¢ — A;) in terms of V (-, ) via the equation

V(t = A) = [T (14 pAy) = AM] ™ (Dgge + V(1))

e—1
where [ is the identity matrix and ¢, = —¢;, + WKtAqéf’fT is the flow profit
1 2
from the optimal control ¢;,. For clarity, I have explicitly indexed the M
matrix and optimal control by time t.

40Recall that = means “corresponds.”
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Discussion of the Algorithm Though I have not proven convergence the-
oretically, the algorithm is informed by established mathematical foundations.
The upwind finite-difference scheme used here falls within the class of mono-
tone, stable, and consistent schemes that Barles and Souganidis (1991) prove
converge to viscosity solutions of elliptic PDEs under suitable conditions.
While their result does not directly apply to coupled HJB systems like the one
studied here, the structural properties of the scheme offer reassurance about
the reliability of the numerical method. The computation is also fast—though
there are two state variables, with minimal optimization and no paralleliza-
tion, on a 2021 base model 16 inch M1 Machook pro, the MATLAB code
calculates steady state in roughly 2 minutes and the full equilibrium dynamics
in roughly 10 minutes for reasonably fine time and quality grids.

Furthermore, the approach taken here has precedent in economics. For
example, Brunnermeier and Sannikov (2017) use an analogous procedure to
solve a coupled HJB system in a macrofinance model. Brunnermeier and
Sannikov (2017) consider a setting with a single state variable and atomistic
agents, whereas I study a model with two state variables and atomic players.
However, in both cases, computing equilibrium involves solving a coupled HJB
system and the numerical algorithms we use are conceptually similar.

E.2 Model Variant with Single Spatial State Variable

Here I describe a slight reformulation of the duopoly model that reduces the
number of state variables: instead of tracking the quality levels of both plat-
forms separately, it suffices for each platform to track only the share of atten-
tion received by platform 1. In the process, I remark on the close connection
between the duopoly model and that of Budd et al. (1993). As discussed in Sec-
tion [1], this connection (together with the comment in Footnote B3) motivates
the conjecture that a nontrivial amount of noise is sufficient for equilibrium
existence in my setting. This is because Budd et al. 1993 show in their sim-
ilar model that any nontrivial amount of noise ensures equilibrium existence
(provided some standard and permissive conditions on other parameters are
met).

Suppose that the effect of investment on quality scaled with quality. That
is, suppose instead of (@) we have

dgie = (gft - 5) Qre At + Nqrs A By

Then one can show that the share of attention x;; that platform k receives
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is a Markov process. Namely, using It6’s formula,
dry = 214(1 — 214) [(e — )5, —05) + (e — 1)*n*(1 — 2:1,'“)} dt

+ (E - 1)7].’,13'115(1 — xlt) (dBlt — dBQt) .

where recall that z1; = ¢§; ' /(¢5; " + ¢S5 ).
Therefore we can express

dzy = 214(1 — 214) |:(6 — D)5, = 05) + (e — 1)*n*(1 — 2x1t)] dt

-+ (6 — 1)77$1t(1 — .Tlt)\/§dBt.

(47)

where B = (1/v/2) (By — B,) is a standard Brownian motion.

Thus, in this setup it is logical to look for a steady state equilibrium that
is Markov with only a single state variable: xy;. That is, the two quality state
variables collapse onto a single state variable.

The model in Budd et al. (1993) consists of a duopoly setting where profits
depend on market share xp; as in my model through some exogenously given
function (). They do not focus on a specific microfoundation for market
share and profits in terms of quality as I do but rather assume xj,; is directly
controlled by the investment of the two players via the law of motion

d.’L'k-t = (gkt — gfk-t> dt + O'dBt

where o is a positive constant in the interior of the state space [0, 1] and zero
at the boundaries. Budd et al. (1993) also assume that there is some given
flow cost ¢(+) of investment for both players.

Thus our models are qualitatively similar except for the fact that in (@)
there is an extra factor x1,(1—x1;) that multiplies the drift and volatility terms
and there is also the second term in brackets in the drift term.

Note that at the boundaries of the state space, the volatility disappears in
both of our models.

F Supplemental Material for Section @

I present a characterization of the steady state equilibrium and a sketch of its
derivation.

410ther differences are merely comestic such as the fact that investment is raised to
the power ¢ in my model but not in Budd et al. (1993)—these differences disappear by
appropriately relabeling variables.
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F.1 Steady State Equilibrium Characterization

The following Theorem B summarizes the steady state equilibrium properties.

Theorem 3. Suppose that ¢ — 1 < 1/¢ and that A is the unique solution
of max,av(a)'. In any steady state equilibrium with increasing bidding
functions the following hold:

1. Consumer i’s demands for products are as in (@) and her demands for
platforms are as in ([L3).

Firm j sets prices as in (EI)
Platform k displays ads at rate A as in (@)
The size of consideration sets is M = A/\y.

Firm j’s expected flow profits from sales are as in (E)

ST N T S

Bidding functions B = (By, Bs) for the two groups are the fixed point
of the operator A defined by (pll) which is a contraction map whenever
values are bounded.

7. The attention shares received by the two groups are given by (@)
8. The rates of investment by the two groups are given by (@)

Proof. T now sketch the proof, i.e., the procedure to solve for the steady state
equilibrium. Much of the analysis of the baseline model ports over to this
extended setup. Demands, prices, ad rates, and_the size of consideration sets
will be as in equations (@I)), (@), (), and (@) However, we now must
keep track of the joint distribution of the two signals inside and outside of
consideration sets.

Step 1. Law of Motion of H, and Hf: Let H; denote the joint cdf
of signals outside of consideration sets at time ¢. Let H; denote the joint
cdf of signals inside of consideration sets at time ¢. Let h{ and h; be their
corresponding pdfs. Let Hy ({1, 00) denote lim¢_,o Hy((1,¢) and let Hf (0o, (2)
be defined analogously. Suppose that the winner in an auction on a platform
in group z is the firm with the highest group z signal. Then, assuming M, is
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at its steady state level, M = A/\;, the law of motion of h; must satisfy

d

M [lu(¢)]

IAPmNmﬂmwwlﬁ@%mmNMﬁ&@W1%K%JMO-(%)

In (@), with abuse of notation, x,; denotes the total share of attention devoted
to group z platforms. The first two terms in the brackets represents the inflow
coming from the winners in the auctions on the two platform groups. The
third term in the bracket represents the outflow as the consumer forgets about
products. Note that since M is in steady state, both the aggregate rate of
inflow and the aggregate rate of outflow must be equal to A.

To derive the steady state h, first fix an initial guess of x;, the steady state
level of x1;. Then set xy; = x1, 9y = 1 — x1, and use the accounting identing
Mhy + (J — My)h§ = Jg to iterate (@) forward to convergence at each point
¢ in a fine grid on a region that contains almost all of G'’s mass.

Step 2. Calculate Bidding Strategies: Given M and h, we next compute
equilibrium bidding strategies. To do so let

i = [ Bluldh6) e,

T
a oMpp’

Ty

Or() = H(,00)" 7,

and
OQ() = HC<OO, ')N_l.

Above, pug is the average value of the firms in consideration sets, 7y is the
coefficient of firms’ flow profits, O; determines the probability that a firm
wins an auction if it takes place on a platform in group 1, and O, determines
the probability that a firm wins an auction if it takes place on a platform in
group 2.

In a steady state, bidding strategies correspond to a pair of functions B =
(B1,By). Here, B, : R +— [0,00) maps firm j’s group z signal (,;; to its bid
B.(C.i5) in a group z auction for consumer 4. To derive B, let ¢;; = (Cuij, Coij)
and let V/({;;) be firm j’s continuation value from selling to consumer 7 at the
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time of auction entry if it knows ¢;; but does not know which platform hosts
the auction.
More precisely, V satisfies the recursive equation

Ar
Aft+pAatp

Vi)

z=1

Ve =Y (a:z@@m {%E[vmciﬂ +

Caij
+x, |:_/ BZ(S) dOz<S> + [1 - Oz(Czﬁ'j)] )\LV<CZ]):| ) (49>
oo atp
The first term in the bracket is the discounted expected flow profit that firm
J earns from entering €2;;. It exits at rate Ay and subsequently enters another
auction at rate A\, which corresponds to the second term in the bracket. On
the second line, the first term in brackets is the expected payment in a group
z auction. The last term is the continuation value in the event that firm j
loses the auction, weighted by the probability that this happens.
Since auctions are second-price, in each auction, firm j simply bids the
gain in its continuation value from winning the auction. Then,

Ty i /\f )\a
Vi
/\f‘i‘,O ’ )\f+p)\a+p

Czija.j S th:|

V(<)

B.(C.ij) =E [ Caijs J € cht:|

Aa
B[

|: Ty P )‘a
A+l Appdatp

V(Cij) CzijsJ € th} . (50)
Above, \, = NA/(J — M) is the rate of auction entry. The expectation is
conditional on only the group z signal and the fact that the firm is outside the
consideration set since this is all that the firm knows when it bids.

Using (@) and (@), we can show that B is the fixed point of an operator
A = (A, Ay) where A, : C*(R)> = C*(R) takes in a pair of functions
f = (f1, f2) and outputs another function

TV + A 212:1 T ffg fl<5) dOl(S>
Ar+p+ A S 1O (Gij)

A(F))=E Coij =+ J € O (51)

The map A is a contraction with modulus A,/(A, + As + p) with respect
to the sup-norm whenever values v;; are bounded above by some level v. For

420+ (R) denotes the set of nonnegative continuous functions on R.
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numerical purposes, this will always be the case. Even without this bounded
support assumption, we see that A is increasing. Thus, starting from an initial
B such that B, > A,(B) for each z € {1,2} it follows that {A"(B)}2, is a
decreasing sequence which converges to a fixed point. Thus we can compute
the equilibrium bidding strategies by iterating on (EI)

Step 3. Calculate Investment: In a steady state equilibrium, a platform
in group z € {1,2} invests a constant level (k. to maintain quality level ¢, =
g]ﬁz/(s'

Let platform k belong to group z. The Hamiltonian for platform k’s opti-
mization problem is

H(t, Qs Aty Ui) = Tr2A

e—1
qkt /¢ 4
— b+ N (07, — 6
m.q<t +m_,q} H ¢ (U = Oau)

where \;, the costate variable, evolves according to

p)\t — )‘\t = WKZA (E — 1) — i — )\t(5

By the Maximum Principle, a necessary condition for optimality is that the
control /5, maximizes the Hamiltonian along the optimal trajectory:

Aol = 1.
Under the conjectured stationary strategy then
Al =1
This implies that A, must be a constant \. By the costate evolution equation,

_ ﬂ—KzA (E — 1) 92_2
p+o  mugst+mo.qt

Substituting, we have

- A(e—1) o g\’
— by, = 24z —z —z

This implies that

meAle—1) i U\ P 0
LS Y Y A i SRR Kz
PEw Kz m 5 +m I
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Dividing both sides by ¢ /6 we arrive at

57T]KZA (6 — 1) 1 E]K—z ple=)
———pl, =m, s .

By symmetry by considering the problem of a platform k in group —z,

lx. ) p(e—1)

gK—z

(57TK,ZA (6 — 1)
p+0

@gﬂgl,z =m_,+m, (

Let y := lx./lx_.. Using the above two equations, I derive

TKz 1 o m, + m—zyﬂp(eil)

TK—2zY B m_, + m2y¢(6_1) .
Equivalently,
T\ TEED
B TK—2z .
Thus,
oA (e —1 1
gKZ — SO T(-K (6 ) — (52)
p + 5 TK—2 lfg(:(ei)l)
m, +m_, (E)

Note that if € < 2 then the Hamiltonian is jointly concave in the state and
control and so I have identified the optimal control. If e —1 < X one can verify
using the same approach outline in Step 5 for the proof of Theorem |l.

Step 4. Calculate Quality Levels and Attention Shares: From (@)
we also have the quality level

©
¢ = ng
? )
and attention share
«p(e(*l))
1—p(e—1
TKz
T, = UETP _ : (m—z> (53)
z 1 e—1 pe—1)
m,qs " +m_,q_, - T—p(e=1)
Mo s s
—z

of group z platforms.

76



Step 5. Calculate Surpluses Consumer surplus is simply u(C, X)/p where

-1
C = Z—=I(Mpy)7
o
and
1
2 =
X =v(4) (Z mzq21>
z=1
are product and platform consumption respectively. O

F.2 Summary of the Algorithm

For ease of viewing, I summarize the algorithm once more here in the appendix.
1. Guess a value of x;.
2. Iterate (@) forward to compute h.

3. Iterate (@) to compute per-unit income bid functions and average ad
prices.

4. Check whether the guess of z; aligns with (@)
5. If yes, done. If not, repeat with a revised guess.

All other equilibrium objects are characterized in closed form in terms of the
output of this algorithm and primitives. Though inefficient, one can simply
run steps 2-4 for each guess of 1 in a fine grid on [0, 1]. This is relatively fast
and allows one to solve for all steady state equilibria and in particular, check
uniqueness.

G Discussion of Dynamics

In this appendix, I describe some methodological advantages of a dynamic
analysis.

Consider an alternative one period model in which firms participate in
multiple auctions for a given consumer. In such a model, there will not exist
a bidding equilibrium in symmetric strategies (and it is unclear if there are
other asymmetric equilibria). It is easiest to show this when values are sup-
ported on a [0,7] where ¥ < oo. Suppose that there was a symmetric bidding
equilibrium with increasing bidding strategies. Then a firm with value v would
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have a profitable deviation to bidding a zero amount in one of the auctions
it participates on. This is because the firm is guaranteed to win all of the
auctions it participates on if it follows the equilibrium strategy. But, the firm
has only unit demand for displaying an ad. By deviating in this way, the firm
can reduce its cost while still displaying an ad. By spreading the auction com-
petition out over time I am able to avoid this issue. Thus, dynamics allows
us to have an auction analysis in which consumers multi-home and there is
interplatform competition in the sale of ads.

Of course, we could consider a one period model where there is no in-
terplatform competition in the sale of ads and each firm participates in one
auction each. There would be some matching of firms to auctions which we
would have to take a stance on. If V or A are sufficiently large, then regard-
less of the matching some firms must participate on multiple auctions—there
aren’t enough distinct bidders to be allocated to fill up the auctions. In other
words, comparative statics on N or A would have to be limited to a certain
range where this is not the case. This is unattractive for the model especially
since A is endogenous. You could of course assume N and A are sufficiently
small so that so that not all auctions are filled. But, these additional model-
ing assumptions, in my opinion, seem unnatural. An attempt to explain them
would probably appeal to unmodeled frictions such as the fact that it takes
time for firms to locate auctions for a given consumer. The dynamic modeling
simply makes this intuition formal.

Consider an alternative one period formulation with competitive pricing
in the ad market rather than auctions. The baseline model can be solved in
a competitive pricing environment. However, in that model, ads would be
sold consumer by consumer and it would be as though the platforms inform
firms about the identity i of the consumer when they make their purchases. In
reality, firms only see signals and they do not know if they correspond to the
same individual just as they do in the baseline model of Section B. Of course,
a disadvantage of switching to competitive pricing is that future work can not
explore the model using ad auction level data. Moreover, its not clear how to
solve the extended version of the model where platforms may have different
data with competitive pricing. In this model, we can not let platforms sell
ads consumer by consumer as if the platforms know the consumers’ identities
because then the firms could combine the data they receive from the different
platforms. Thus, suppose each firm sees only signals of the consumers’ valu-
ations but not their identities when choosing which ads to purchase. Firms
would have to do some inference about the likelihood they will also purchase
an ad for the same consumer on the other platforms. This inference effect
leads to complicated purchasing strategies that are nontrivial to characterize.
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H

Extension: Network Effects

I extend the baseline model to allow for network effects.

H.1 Setup

I redefine the CES aggregate for platform consumption to be

e—1 =1
Xy = { / () (@) grezind] - dk
K

where n(z) = 2¢ where ¢ > 0. I retain all other aspects of the baseline model
of Section B.

H.2 Equilibrium Characterization

Theorem 4. Suppose that A is the unique solution of max, cw(a)ﬁel_l).
If AJd;f < J and 0 < (e — 1)/[1 — (e — 1)] < 1/, then there exists a
unique equilibrium in which each platform k € K receives a positive amount
of attention xp, > 0 at all times t for any feasible initial conditions My, Hy,
and qo. The equilibrium converges to a steady state and has the following
properties:

1.

Consumer i’s demands for products are as in (@) and her demands for
platforms are as in (b4).

Firm j sets prices as in @)
Platform k displays ads at rate A.

The size of consideration sets is given by (@) and the cdfs of the expected
values of firms inside and outside of them are characterized by (@ﬁ) and
(@) with A in place of A.

Firm j’s expected flow profits from sales are as in () and the rates at
which firm j matches with consumers are as in ()

Firm j bids according to (@)

Platform k’s quality and investment solve the boundary-value problem
(@) except with (e — 1)/[1 — {(e — 1)] in place of € — 1.
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Moreover the sufficient conditions are almost necessary: if either A/Af > J
or (e —1)/[1 — (e — 1)] > 1/¢ then there does not exist an equilibrium.

Proof. As discussed in Section B, the attention received by platform & solves

Cle=1) e—1
x v(ag)q
2y, = Tkt [ (th) Kt (54)
where
Y = / [Eigg_l)[l/(akt)qmg]e_l dk.
K
Solving (@) for xy; yields two possibilities:
e—1
T=C(e—1)
e = 010 (55)
VEEIGaY
or ; = 0. Under the equilibrium refinement, all platforms must receive
positive attention share (@ Integrating both sides of (@) over K yields
Yy TeeD = /[V(akt)qkt]l—é&l—n dk.
K
Then substituting into (@) gives
e—1
=D
Ty = [v(art) qrt] (56)

Jiclv(ane) g = dk

Thus, the only change relative to the baseline model is that the elasticity
of attention with respect to platform quality is now higher. The rest of the
equilibrium derivation follows the same steps as in Section Y. O

I Extension: Heterogeneous Platform Produc-
tivity

I solve an extension of the baseline model in which platforms may differ in the
productivity of their investments.

I.1 Setup

Platform k&£ now solves

o] e—1
- At
max e Pt (WK A—"2— — .l ) dt
{lre} /0 ! fK qjt_l dz ¢



where
Grt = Eft — Oyt
The only difference relative to the baseline model is the parameter a; > 0

which controls the productivity of platform k. Let P denote the frequency
distribution of ay, k € K. I retain all other aspects of the baseline model.

I.2 Equilibrium Characterization

Theorem 5. Suppose that A is the unique solution to
max av(a)*?,

that e — 1 < 1/, and that

p(e—1)
1\ 1-e(e=1)
/ (—) dP(a) < o0.
a

Suppose further that initial qualities satisfy

v
1 I—p(e—1)
qro = (-) qo-
ay

Then there exists a unique equilibrium in which

1\ =ae=n 1\ oD
b = | — b and it = | — 4z,
Qe 73

where Uy and q; solve

1 1—¢p. Ale—1 144
(p+0)—L — sngt = T Ale ) =

© © N a
) e
[0

Gr = Ef - 5%

b

with initial condition qo and boundary condition

o(
1—

e—1)
55 — T—p(e—1)
lim ¢, = STEALE =Dy [ / <l> dP(a)

t—00 p—|—§ o

88 —

where T = limy o0 Tre.

81



Proof. All equilibrium objects besides investment are derived as in the proof
of Theorem
The Hamiltonian for platform k’s problem is

e—1
H<ta Qits Crt, )\kt) = WKtAqf—tld — ol + Ay (ﬁft - 5%) )

Kzt

where the costate variable satisfies

qe—2
Ikt S\
)fK taldz .

The first-order condition for maximizing the Hamiltonian yields

Pkt — /\kt = WKtA(G —1

A 1—
/\kt - ;gkt @.
Differentiating with respect to time,

1— .
20l

j\kt = O
Substituting into the costate equation gives

—2
Gt
Q¢

1
(p+§)?€1 Yy go%’“ l = T Ale — 1)

Qt:/qztldz

Step 1. Steady State. I first derive the steady-state equilibrium before
solving for the transition path. In steady state,

where

6—2
+5—£1@:7TA6—1 ,
and e
i
Qk—(5~
Hence

g(ﬁ 2)p

(p+5)—e = med(e - s ol
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which implies

0 _(WKA(E—l) 2)1_&6_1)
P \02Q(p + 6) ay, '

Therefore,

1 ( mkAle—1) ¢ ) =p(e=T)
=5\ 6200p +0)

Using the definition of @),
1 Ale—1) @\ 75D
TK € — 2 wle
= = dpP
== [ (Faees) @)

1—¢p(e—1)

which implies

Cple=1)
1 mrA(e — 1) @\ T-¢D
“= [fsel [(Frsa) e

Substituting back yields

p(e—1)
(1 (=D D dmgA(e — 1) 1) T-ete=D
(@) )T e

Step 2. Transition Path. Let ¢; and ¢; denote the investment and quality
of a platform with a; = 1. I conjecture that

1
1\ oD
= (1)
(6773
( 1 >1—¢>}'ﬂ1>
Gkt = | — qt-
(673

The second relation is consistent with the law of motion because

_ 1\ e
Gkt = | — 4 = £kt — 0qgt,
(073

-1

and

provided that the initial conditions satisfy

v
1 I—p(e—1)
qro = (—> qo-
Qy
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Substituting the conjecture into (@)7 the left-hand side becomes
1—¢
1 T—p(e—1) 1, 1— .
“’“ <_> {@ +8) =07 — ——L%
Ok ¥ ¥

Moreover,
p(e—2)

qe—2 — i toelemD) qe—2
kt g t

The powers of 4 coincide because

1= p(e—2)
1—(e—1) 1—ple—1)

1

Hence (@) reduces to
1 B 1 o 90 . q€—2
(p+ 5)541 v _ 7@ 20, = mg A(e — 1) bt .

Under the conjectured quality profile,

Therefore,

1 1-— . Ale—1 1
(p+0)tie LBy Tede D)L

e 2 N G
/ (—) dP(«)
[0

Multiplying both sides by £f gives

1 1—0p. TreA(e — 1 lad
(p+0)—t; — gogt: Kt ((5_1 ) -+

Sp 90 1 1f¢(e—)1) Qt ‘
R
«

gr = éf — 0qy,

Together with

this is exactly the reduced ODE system stated in the theorem.
Finally, Step 1 implies
-1

(e=1)

J)

for any investment path that converges to steady state. Existence and unique-
ness of the solution to the reduced ODE system follow by the analogous argu-
ments as in the proof of Theorem [l|. O

i ¢, — omxA(e —1)p
t—o0 p+ )
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J Extension: Zero Prices

In this section, I give an informal argument that zero prices can arise, for
some parameter conditions, endogenously in a variant of the baseline model
where platforms can charge nonnegative prices. I rule out negative prices on
the grounds that it is too difficult for platforms to verify human usage as
opposed to usage by bots. Under this premise, charging a negative price is
unsustainable for a platform.

It is easiest to make the point when there are an integer number K of atomic
platforms and when consumers have Cobb-Douglas utility as in Section B The
core of the argument is simply that if consumers enjoy product consumption
much more than platform consumption, then the attention spent on a platform
will decrease quickly in the price set by the platform. This is because, if the
consumer spends more attention on the platform, the consumer can spend
less income on consuming products. When the elasticity of attention with
respect to price is sufficiently high, it is better for a platform to rely solely on
advertising to earn revenue.

Suppose that all platforms but platform 1 charge a zero price and have
quality level q. Let ¢; denote platform 1’s quality level. Let p > 0 denote the
price charged by platform 1. Consumer ¢ chooses how much attention z; to
allocate to platform 1 to maximize flow utility which amounts to maximizing

TE

e—1

(I — pry)'™ (M) 75 [mql)e (K -1) (1 - q)] Ay

K-1

The first two terms comprise product consumption and the second two terms
comprise platform consumption. Above, I have used the fact that the consumer
will want to allocate attention evenly across the K — 1 remaining platforms.
After spending px; units of income on consuming platform 1, the consumer
has only I — pz; left to spend on products.

The first order condition for consumer i’s problem is

_1] e—1

p(1—7)(I —pa,) T [<x1q1>€f + (K —1) (1 — “q) 5

K—1
(I —px)' 77 [(Ilql)? (K —1) (1 —~ xlq) 1] 1

K -1

X [QI(IIQI)EZ - Q(K — 1Q)€:_1] :
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Canceling out some terms and rearranging yields

p [(:vlql):l +(K-1) (2‘_1’; q> ] _

T -1 11—z €
1—+ [ql(@"lql) 2 1_q(K—iq) ]U_pxl)

which is linear in the price p.
Solving for p yields the inverse demand curve:

p(xl) =

e—1 _ 5—1_1
I [611(%6]1) o —Q(lK—,xiQ) ‘ ]
e—1 e—1 1

-7 —x % — —x %*1 '
= () + (K —1) (5%9) ] + [@h(xlfh) 1t —q(F29) ]151

Since I — pxy must be positive and p must be nonnegative, the domain of the
inverse demand curve is the set of demands x; such that the numerator is
nonnegative. That is, the domain is

¢!
x| € |:0, P :| .
AT K Dg

This is intuitive: the domain consists of attention levels that are less than that
which would arise if platform 1 also charged a price of zero.

We can now formulate platform 1’s pricing problem which is to choose x
in this domain to maximize flow profit:

p(z1)x) + T Az,
We are interested in parameter conditions for when

_ G
G (K= g

1

is optimal which corresponds to setting a zero price. This amounts to looking
for parameter conditions such that

d[p(%)xl]

dr + 7TKA = p/<l’1)$1 +p(l'1) + 7T]KA >0 (58)
1

for all z; in the domain. This will happen if p(-) does not decrease too fast.
Intuitively this will be the case when 7 is close to zero so that the consumer

86



cares little about platform use and so attention will be very sensitive to the
price set by platform 1.
Indeed, by inspection, if 7 is close to 0,

e=1l_q i

T Ch(l'l(h) ¢

€

=T (@10) + (K

plry) = 1

q (2t
-1 (o) -

I show later that we can bound

d[p(z1)z1]
dﬂ?l

from below for all z; in the domain by an amount that can be made arbitrarily
close to 0 by making 7 sufficiently close to 0. Thus, when 7 is sufficiently close
to 0, it follows that (B§) holds for all z; in the domain and a price of zero is
optimal. T will take this fact as given now and show it formally later.

I have therefore shown that platform 1 does not have a profitable deviation
to charging a positive price when 7 is close to 0. In principle the platform could
deviate both in its investment strategy and in its pricing strategy. But, so far,
our analysis has fixed an arbitrary quality level for ¢;. For some value of 7,
say 7(q1), which depends on ¢; we have shown it is not profitable to charge a
positive price. Let g be relatively large and g be relatively small and consider

*

™= inf 7(q)<1.
91€[g,9]

Then for parameter 7 = 7* it is never optimal for a platform to deviate to any
quality ¢ € [0,7|. By setting g sufficiently high, investment costs are sufficiently
high that it is obviously not optimal to deviate in terms of investment to end
up at any quality ¢ > g. Similarly if ¢ < g for some ¢ sufficiently low deviating
by cutting back on investment is not profitable because profits are too low at
any positive price that the platform can set.

I will now show that we can bound the derivative of

P($1)9€1 =

-1 _ 67171
[[%(551(11) € 1—q(}_{q) ‘ ]xl

el e—1

e—1 e-1__
T (mq) = + (K —1) (58q) - ] + [Ch(fvlql)T_l —q(gHa) - 1] 1

from below by an amount arbitrarily close to 0 as claimed.
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Define f such that

Specifically,
) = ) THE-D (50 T P = ) g ()
Then
Tdlp(zy)zs]  f"(@1)a + f'(21)
I dry R f () + ()

e 1f{())+f’(x1)w1}2 (o) s sem].

Can we bound this from below? Consider taking the limit as 7 tends to 0.

Then the above, for a fixed 7 > 0, converges to 0. However, we need to make
e—1
4
g (K- Dg !
to 0. This will necessarily be the case if we can bound f'(z1), f"(z1), f(z1).
The concern is about points x; near 0 since some of these terms explode there.
Suppose we know that for any 7 close to 0 that it is not optimal to set 1 < €

for some € > 0, then we are done since f'(z1), f”(x1), and f(z1) are bounded

~ qy
on T
& qE ! (K—1)g*~ E

To show this, note that

sure that the above over the entire range of x; € [0 converges

p(x)x + Az < p(z)x + T AE

whenever x < €. But

for all 7 < 1/2. Then

f'(x)x

i) 1 e

p(z)x + g Az < sup [—
z€[0,]

and the upper bound holds uniformly over all 7 < %
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Note that the sup on the right-hand side goes to zero as € goes to zero.
Thus, for some € > 0 the right hand side is always less than

.
¢+ (K —1)gt

7T]KA

Thus, there is some € > 0 lower bound such that its not optimal to set x; < €
for any parameter 7 < 1/2.

K Extension: Firm and Platform Entry

I extend the baseline model to allow for entry of firms and platforms.

K.1 Setup

To enter the market, a firm must pay a cost ej > 0 and a platform must pay a
cost ex > 0. I retain all other aspects of the baseline model of Section B except
that in equilibrium, the measure J of firms and the measure K of platforms
are such that firms and platforms earn zero profits net of entry costs.

K.2 Steady State

[ focus on steady-state equilibria. Initial conditions (qo, My, Hy) are such that
q:, My, and H; remain constant over time. Firms are initially distributed across
consumers’ consideration sets according to a symmetric stationary distribution
consistent with (Mo, Hy), implying constant flow profits for firms. Platforms
are initialized at the steady-state quality level. The equilibrium masses of
firms and platforms are then determined by the free-entry conditions.

Theorem 6. Suppose that A is the unique solution of max,av(a)™' and
e—1<1/p. Then if a steady-state equilibrium exists, it has the same steady-
state properties as in Theorem |1 for a given J and K which satisfy

oo LA <1_M), (59)
p €K p+o

-
J = 1 (&) _ (60)
p €J

Under Condition @, the steady-state equlibrium is unique.

and
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Proof. Equations @ and (@) are zero profit conditions. Note that in (%),
7wk depends on J but not K. Thus, to prove uniqueness under Condition [}, I
must prove there is a unique solution for J in (E) This follows by Lemma

which shows that 7k is increasing in J and so, by monotonicity only one J
can satisfy (@) The other parts of the theorem follows the same roadmap as
in the proof of Theorem [l|. O

Remark 1. An alternative interpretation is that ey and ex are fized flow costs
incurred each period to maintain operation rather than one-time entry costs.
Under this interpretation, the same steady-state characterization applies, ex-
cept that the factor 1/p is omitted from the zero-profit conditions. Comparative
statics might then be interpreted as changes in the steady-state masses of firms
and platforms arising through entry and exit.

One_can extend most of the comparative statics for steady state in Ap-
pendix @ to this setting.

Lemma 18. Under Condition B, in steady state, banning data use in the sense
of Proposition @ leads to a decrease in J and an increase in K.

Proof. Suppose for contradiction J increases. Holding fixed J, a ban on data
use raises ad revenue, as show in Proposition E of the main text. An increase
in J further increases ad revenue as shown by Lemma [14. Thus ad revenue
must increase. But then by (@), J must decrease, a contradiction. Thus, J
must decrease.

Because ad revenue must increase, inspecting (@), reveals K must increase.

]

Lemma 19. Under Condition B, in steady state, an increase in platform
substitutability € leads to a decrease in J and, if the induced decrease in the ad
display rate A is sufficiently small, leads to a decrease in K.

Proof. An increase in € increases ad revenue by Proposition H Suppose, toward
a contradiction, that J increases. By Lemma [14, the increase in J further
increases ad revenue. Hence, ad revenue must increase. Equation (f() then
implies that J decreases, a contradiction. Thus, J decreases.

If the decrease in A induced by the increase in € is sufficiently small, then
(@) implies that K decreases. O
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